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Abstract 
The purpose of  t h i s  study i s  t o  inves t iga t e  possible  explana- 
t i o n s  of t he  observed ESR spectra  i n  the  r u t i l e - t y p e  c r y s t a l s  of Sn02, 
T i 0 2 ,  and Ge02, with vanadium as an impurity.  The observed e l e c t r o n i c  
tensors  cannot be accounted f o r  by the  simple c r y s t a l  f i e l d  theory,  
and the re  i s  ambiguity i n  the  energy l e v e l  diagram. Molecular o r b i t a l  
theory is  used i n  a semiempirical ca l cu la t ion  with the  l i n e a r  combina- 
t i o n  of atomic o r b i t a l s  approximation (LCAO) . 
The c r y s t a l  region cons is t ing  of the  vanadium ion and the  s i x  
l igand oxygen ions is  se l ec t ed  t o  be s tudied .  The atomic o r b i t a l s  t o  be 
used i n  the  LCAO approximation a r e  chosen. These a r e  the  nine vanadium 
3d, 4s, 4p o r b i t a l s ,  and the  twenty-four l igand oxygen 2s,  2p o r b i t a l s .  
It i s  argued t h a t  t he  hybridizat ion of the oxygen o r b i t a l s  i s  needed t o  
account f o r  the  inf luence o f  the r e s t  of the  c r y s t a l ,  and these  hybrid 
o r b i t a l s  a r e  constructed.  Then i t  i s  shown how Group Theory can s impl i fy  
the  secu la r  equation and formulate the  s e l e c t i o n  r u l e s .  
The use of group theory r equ i r e s  t h e  cons t ruc t ion  of LCAO t -  rans - 
forming according t o  the  i r reducib le  representa t ions  (I .R.)  of the  D2h 
group. These combinations a r e  constructed by the  method of p ro jec t ion  
ope ra to r s .  
The group overlap in t eg ra l s  a r e  ca l cu la t ed ,  and the  valence s t a t e  
i on iza t ion  p o t e n t i a l s  (‘JSLP) of the  oxygen and vanadium ions a r e  
es t imated.  
ix 
Then the reduced secular  equat ions a r e  solved using t h e  VSPP a s  
parameters.  The bes t  so lu t ions  a r e  se l ec t ed  by us ing  as a monitor 
The r e s u l t s  a r e  compared 3- tensors * e i t h e r  the  vanadium charge o r  t he  
and the  need of a reduct ion i n  the o r i g i n a l  es t imate  of the  4 - e l e c -  
t r s n  PSIP i s  recognized. Also,  i t  i s  concluded t h a t  charge s e l f - c o n s i s t -  
eney alone is  not  adequate i n  s e l e c t i n g  the  bes t  so lu t ions ,  but r a t h e r  
the  d e t a i l e d  charge d i s t r i b u t i o n  among the  o r b i t a l s  must show s e l f -  
cons is tency ,  
F i n a l l y ,  the following r e s u l t s  are given: 
9J 
(a)  The ground s t a t e  i n  a l l  cases  i s  of the form - - 1 %  > + f Y \ % i r ,  
where . l o  <CK <.20 and p 3 . 9 9 .  
(b) The per t inent  t o  t h e  c& tensor  l e v e l s  a r e  i n  order  of increas-  
ing  energy, t h e  xy ( f i l l e d ) ,  xz ( f i l l e d ) ,  yz ( f i l l e d ) ,  x2-y2 
(ground s t a t e  with one unpaired e l ec t ron )  , yz (empty), xz (empty), 
and xy (empty). 
x, 
(c )  The small admixture of t he  13) s t a t e  i n  t h e  ground s t a t e  is  
A 91;; r e l a t i v e l y  important i n  ca l cu la t ing  
(d) The ground s t a t e  i n  (a)  can expla in  the  an i so t rop ic  p a r t  of the  
hyperf ine tensors .  
( E )  A l l .  obtained r e s u l t s  seem t o  agree wi th  the r ecen t ly  observed 
ESR spec t r a  of MoH and WH- i n  T i 0 2 .  
X 
CHAPTER I 
INTRODUCTION 
The purpose of t h i s  study is  t o  inves t iga t e  poss ib le  explana- 
t i o n s  of the  observed ESR spectra  i n  the  r u t i l e - t y p e  c r y s t a l s  of Sn02, 
T i 0 2 ,  and GeOZ with vanadium as an impurity.  
1 Ger r i t s en  a n d  Lewis  were the  f i r s t  t o  s tudy the  paramagnetic 
spec t rum of vanadium i n  T i 0 2 .  They a t t r i b u t e d  t h e  spectrum t o  a s ing le  
3d e l e c t r o n  of t e t r a v a l e n t  vanadium occupying a s u b s t i t u t i o n a l  s i te  i n  
9 x  = the  c r y s t a l .  The experimentally deduced tensor  ( 
0 = 1.956) had almost complete a x i a l  symmetry 
42 
about the  z -ax is ,  and the  appl ica t ion  of the  theory of Abragam and 
Pryce w a s  expected t o  give the s p l i t t i n g  of the  lower t r i p l e t ,  t . 
However, ca l cu la t ion  revealed incons is tenc ies ,  s ince  the  ca l cu la t ed  
2 
9- 
s p l i t t i n g s  d i f f e r e d  by a fac tor  of two-and-a-half depending on whether 
w a s  used. They commented t h a t  %,,= %,. Or %I' tx= %y 
perhaps the rhombic component of 'the c r y s t a l l i n e  f i e l d  was responsible  
f o r  making the  theory inappl icable .  
the % 41 
ponent of the  f i e l d  and the  covalent bonding proposed by Stevens was 
not successfu l  e i t h e r .  La te r ,Mar l ey  and MacAvoy observed the  ESR 
An attempt by R:i4O t o  account f o r  
4+ 
and A t enso r s  of V i n  r u t i l e  by consider ing the  rhombic com- 
3 
1 
2 
spectrum of vanadium i n  Sn02. 
s u b s t i t u t i o n a l  vanadium, but the  
metry around the y 
able  assumption t h a t  the  doublet  e 
Again the  ESR spectrum was a t t r i b u t e d  t o  
t enso r  showed nea r ly  a x i a l  sym- 3 
a x i s ;  they t r i e d  t o  i n t e r p r e t  t h i s  by the  improb- 
l i e s  lower than the  t r i p l e t  
?I 
4 . I n  1963, Kasai suggested t h a t  the  rhombic p a r t  of t he  c rys-  +,% 
t a l l i n e  f i e l d  has an important r o l e  i n  s p l i t t i n g  t h e  lower t r i p l e t  
a 2  
-- . It was a l s o  argued t h a t  t h e  X - Y s t a t e  would be the  
I- 9.q. 
1 
lowest due t o  the s t a b i l i z i n g  e f f e c t  of the  two t i n  ions  ly ing  on t h e  
y -ax is  c lose  t o  the  vanadium ion .  5 I n  1964, From, Kikuchi and Dorain 
inves t iga t ed  the la rge  superhyperfine s t r u c t u r e  i n  SnO :V.  They con- 2 
cur red  t h a t  the  ground s t a t e  i s  and t h a t  the  next l e v e l  i s  
the  s t a t e  Xt-  . The l a t t e r  w a s  a r r i v e d  a t  by f i t t i n g  t h e  observed 
va lues  t o  the  usual c r y s t a l l i n e  f i e l d  formulas: 
%- 
‘ C X Y  
However, a poin t -charge-crys ta l l ine- f ie ld- type  c a l c u l a t i o n  showed (see  
Appendix G) tha t  the l e v e l s  a r e  i n  t h e  order  >( - y,Xt,yz , and s y  . 
The same yea r ,  Siege1 observed the  ESR spectrum of vanadium i n  t e t r a g -  
ona l  Ge02 and obtained va lues  comparable t o  t h a t  i n  T i 0 2  and equa l ly  
d i f f i c u l t  t o  i n t e r p r e t .  
x 2  
6 
Since Sn02 i s  an important ma te r i a l  i n  the  production of con- 
duct ing g l a s ses ,  and CeO2 e x h i b i t s  both t h e  c r y s t a l l i n e  and amorphous 
s t a t e  r e l a t e d  to  g l a s s e s ,  t he  s tudy of t h e  e l e c t r o n i c  behavior of t he  
3 
vanadium impurity may revea l  important p rope r t i e s  of conducting g l a s ses .  
O n  the  o the r  hand, a l l  th ree  ma te r i a l s  may have important quantum e l e c -  
t r o n i c  p rope r t i e s .  Theore t ica l ly ,  t h e  interest is equal ly  g rea t  because 
the  spec t r a  a r e  due t o  a s ing le  unpaired e l ec t ron ,  which can be thought 
of a s  the  s implest  case of magnetism. 
The p r i n c i p a l  r e s u l t s  repor ted  i n  t h i s  t h e s i s  are: 
R t  (a )  The ground state i s  of t he  form - o( 1 2'> + f 1 x - y > 
3 . 9 9 .  P where .10 (o( (.20 and 
(b) The exc i ted  s t a t e s  are i n  t h e  order  of increasing energy: 
The f i r s t  two s t a t e s  a r e  inverted with respec t  t o  the  pred ic t ion  based 
on the  simple c r y s t a l l i n e  f i e l d  formulas. 
(c) The observed % tensors  and the  an i so t rop ic  p a r t s  of the  
hyperf ine t enso r s  A can be explained. 
(d) Resul ts  a r e  appl icable  t o  the  cases  of Mow and WH- i n  r u t i l e .  
4+ 5-t , Mow, and W (The e l e c t r o n i c  s t r u c t u r e s  of V a r e  s i m i l a r ,  with a 
3d, 4d, o r  5d unpaired e lec t ron  outs ide  f i l l e d  s h e l l s  respec t ive ly . )  
The general  theory is  given i n  Appendix A .  Chapter I1 s t a t e s  
the  assumptions needed t o  make the  c a l c u l a t i o n  f e a s i b l e .  The d i f f i c u l t  
problem of how t o  r e s t r i c t  the  c a l c u l a t i o n  t o  a l imi ted  number of ions 
surrounding the  impurity ion  and s t i l l  ge t  r e l i a b l e  r e s u l t s  i s  con- 
s idered .  
hybr id iza t ion  of the valence e lec t rons .  
used t o  reduce the  labor  of solving the  secu la r  equat ion.  
2 
Only t h e  neares t  neighbors are taken i n t o  account f o r  the  s p  
Group t h e o r e t i c a l  methods a r e  
4 
A s  described i n  Appendix A the  secu la r  determinant conta ins  
Coulomb in t eg ra l s  H i i  
a r e  ca l cu la t ed  by using s e l f - c o n s i s t e n t  f i e l d  r a d i a l  func t ions .  How- 
eve r ,  t he  Coulomb i n t e g r a l s  H i ;  
This necess i t a t e s  a t r i a l  and e r r o r  method which is monitored by the  
self-consis tency of the  assumed and ca l cu la t ed  vanadium charge.  
add i t ion ,  t he  
and group overlap i n t e g r a l s  $; . The l a t t e r  il 
a r e  taken a s  semiempirical  parameters.  
I n  
tensor  i s  taken a s  monitor of t h e  c a l c u l a t i o n .  t 
Fina l ly  t h e  r e s u l t s  a r e  discussed and conclusions are drawn. 
CHAPTER 11 
RUTILE CRYSTAL STRUCTURE AND SYMMETRY 
I 
8 
This  chapter  presents  c e r t a i n  fundamental ideas  e s s e n t i a l  f o r  
t he  development of the  theory t o  be followed i n  deal ing with the  problem 
of vanadium i n  the  ru t i l e - type  s t r u c t u r e s .  F i r s t  t he  r u t i l e  c r y s t a l  
s t r u c t u r e  i s  given and then the use of the  symmetry p rope r t i e s  i s  
examined. 
1. Crys t a l  S t ruc tu re  
The c rys t a l log raph ic  data of Sn02, T i 0 2  ( r u t i l e )  and GeO2 
( t e t r agona l )  c r y s t a l s ,  a l l  having the  r u t i l e  s t r u c t u r e ,  a r e  given i n  
Figure 1 and Table 1. 
The macroscopic symmetry i s  t e t r agona l ,  but the  metal  s i tes  have 
the  orthorhombic symmetry p x ~  , and the  oxygen s i t e s  t he  orthorhombic 
represents  c o l l e c t i v e l y  the  following sym- 
metry elements: t h ree  two-fold axes perpendicular  t o  each o t h e r ,  t h ree  
mirror  planes perpendicular t o  them respec t ive ly ,  a cen te r  of invers ion ,  
and the  i d e n t i t y  element. Figure 1 shows t h a t  f o r  the  c e n t r a l  metal  
i on ,  each of the  >(- 
t he  planes perpendicular t o  them a r e  the  mir ror  planes.  S imi l a r ly ,  
, y -  and > - a x e s  is  a two-fold symmetry a x i s  and 
represents  c o l l e c t i v e l y  a two-fold symmetry a x i s  wi th  two mirror  
5 
6 
- 
v) 
7 
TABLE 1 
CRYSTALLOGRAPHIC DATA OF Sn02, T i 0 2  AND Ge02 
Sn02 T i 0 2  GeO 2 
a(b 4.737 4.593 4.395 
c (A) 3.185 2.959 2.859 
r ( a .  L.) 3.876 3.674 3.502 
r ( a .  \A,) 3.887 3.757 3.637 
.63031 .64815 .63107 - COS? I 
e, 5 1" 49O. 5 50°. 9 
planes perpendicular t o  each other ,  both containing the  a x i s .  For 
example, the  s i te  of the  oxygen ion  413 has a two-fold a x i s  p a r a l l e l  t o  
the  x-axis ,  the  diagonal plane xy a s  a mir ror  plane and the  plane per-  
pendicular t o  the  y-axis  and passing through the  oxygen 413 s i te ,  a s  
another mirror  plane.  The un i t  c e l l  has two types of metal  s i t e s ,  A 
and B .  A l l  cons idera t ions  w i l l  be r e fe r r ed  t o  type A .  The axes of type 
B a r e  ro t a t ed  90" about the  c r y s t a l  c -ax is  wi th  respec t  t o  type A s i te .  
2 .  Addit ional  Assumptions 
Cer t a in  assumptions needed f o r  a semiempirical molecular o r b i t a l  
ca l cu la t ion  w i l l  be considered (see Appendix A f o r  the  genera l  theory) .  
It i s  assumed t h a t  the  valence e l ec t rons  move i n  o r b i t a l s  
fy ing  the  Schrgdinger equation 
Tv s a t i s -  
I .  c 
8 
where H i s  the  one-electron e f f e c t i v e  Hamiltonian. The 
i s  taken t o  be the same f o r  a l l  valence e l e c t r o n s ,  even when they occupy 
exc i t ed  s t a t e s .  I n  add i t ion ,  the l i n e a r  combination of atomic o r b i t a l s  
T 
i s  used t o  provide a t r i a l  func t ion  f o r  so lv ing  Eq. (1). The s e l e c t i o n  
of the  n atomic o r b i t a l s  
and experience,  while  the c o e f f i c i e n t s  
- t o  be used i n  Eq. (2)  rests on i n t u i t i o n  e. 
C ;  as w e l l  as the  energy 
eigenvalues are  given by so lv ing  the secu la r  equat ion,  
where by d e f i n i t i o n  
( 4 )  
The appl ica t ion  of the  above program t o  a c r y s t a l  i s  hopeless ly  
complicated by t h e  g r e a t  number of atomic o r b i t a l s  needed i n  the  expan- 
s ion  of Eq. ( 2 ) .  Therefore f u r t h e r  assumptions a r e  required t o  s impl i fy  
the  problem t o  a solvable  one. 
For t h i s ,  a region of  the  c r y s t a l  around the  vanadium impuri ty  
i s  def ined,  as small as poss ib le ,  where the re  i s  a high p r o b a b i l i t y  of 
f ind ing  a spec i f i c  number of e l e c t r o n s .  The problem i s  confined t o  t h i s  
region and these e l e c t r o n s .  Also, the  i n t e r a c t i o n  of the rest of  the 
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9 
c r y s t a l  must be considered. The smallest  region then w i l l  be t h a t  con- 
t a i n i n g  the  vanadium ion  and the s i x  l igand oxygen ions .  The e l e c t r o n i c  
conf igura t ion  of the  oxygen atom is  [ He] %sz ?JP’ , and t h a t  of 
vanadium atom [ f l ]  3c 45‘ , where [He] and [A] represent  the  
core  of f i l l e d  s h e l l s  (see Appendix A) having the  helium and argon con- 
f i g u r a t i o n s  r e spec t ive ly .  The set of nine vanadium 3d, 4s ,  4p, and the  
twenty-four oxygen 2s ,  2p, orbi ta ls  w i l l  be used a s  the  t r i a l  so lu t ion  
f o r  Eq. (1); i . e . ,  
33 
t o  solve the  problem 
(7) 
Equation (3) y i e lds  a 33x33 determinant. Group theory can be used t o  
reduce t h i s  determinant t o  smaller 2x2 and 3x3 secu la r  determinants .  
Then the  c a l c u l a t i o n  i s  s impl i f ied  and t h e  var ious  states can be clas- 
s i f i e d  according t o  the  i r reducib le  representa t ions  ( I . R . )  of the  sym- 
metry group. This  allows the  formulation of new s e l e c t i o n  r u l e s  t h a t  
replace the  ones found i n  atomic spectroscopy. The l ack  of sphe r i ca l  
symmetry i n  fl% renders  c l a s s i f i c a t i o n  i n t o  s- ,  p-, d-, s tates,  etc. ,  
impossible.  
Another quest ion must be considered: So f a r ,  the  assumptions 
made do not allow f o r  any in t e rac t ion  from the  rest of the  c r y s t a l .  The 
vanadium ion  and the  s i x  ligand oxygen ions a r e  t r e a t e d  as a complex, 
i . e . ,  a s  if they were i s o l a t e d  i n  space and were not p a r t  of an 
10 
extens ive  three  dimensional s t r u c t u r e .  Complex-type c a l c u l a t i o n s  have 
been made by Wolfsberg and Helmholtz, 
Kuroda, I t o  and Yamatera. What i s  needed here  i s  a modif icat ion t o  
22 23 
by Ballhausen and Gray, and by 
24 
account f o r  the extensive c r y s t a l  s t r u c t u r e .  
To be more e x p l i c i t ,  consider  oxygen ion  #5 of Figure 1 as an 
example. I n  the complex-type c a l c u l a t i o n  a l l  i ons ,  except t h e  c e n t r a l  
vanadium and the neares t  s i x  oxygen ions ,  are ignored so t h a t  only the  
bonding of oxygen #5 wi th  the  c e n t r a l  vanadium i s  considered.  
ous bonding scheme is :  
cos % (2pz) 
ing i n  a grea te r  overlap s ( 8 )  with the  appropr ia te  vanadium o r b i t a l  
than e i t h e r  one of t h e  ( 2 ~ ) ~  and (2pZI5; (b) t he  o r b i t a l  orthogonal t o  
i t  cos% (2s)  - s i n a ( 2 p z )  d i r ec t ed  away from the  vanadium ion  and 
the re fo re  nonbonding; and (c )  t he  two o r b i t a l s  (2pXl5 and (2p ) 
s i b l y  involved i n  - bonding. The angle  % i s  determined by the  
requirement tha t  F (%) =: 
i n  Appendix H) . This is done f o r  example i n  r e f .  23. I n  minimizing t h e  
f r a c t i o n  F(%) , a compromise i s  achieved between t h e  tendency f o r  
g r e a t e r  Overlapping by forming l igand hybrid o r b i t a l s  and the  promotion 
The obvi- 
(a )  a hybrid o r b i t a l  of t he  form s i n %  ( 2 ~ ) ~  + 
which is  d i r ec t ed  toward the  c e n t r a l  vanadium ion ,  r e s u l t -  
pos- Y 5  
be a minimum (VSIP i s  discussed 
energy (see Appendix H) needed f o r  t he  formation of these  hybrid 
o r b i t a l s .  However, i f  one considers  t h e  two metal  i ons ,  wi th  which the  
oxygen ion #5 is t o  be bonded i n  add i t ion  t o  the vanadium ion ,  t h e  bond- 
ing  schemes ju s t  discussed i s  not appropr ia te  s ince  none of the  con- 
s idered  o r b i t a l s  i s  d i r ec t ed  toward these  two metal  ions .  Therefore a 
s m a l l  t o t a l  overlapping w i l l  r e s u l t  i n  a less s t a b l e  s i t u a t i o n .  
25,26 
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On the  o the r  hand, the  sp2  hybridizat ion scheme, 
( 2 ~ ~ ) ~  and ( 2 ~ ~ ) ~  o r b i t a l s  form th ree  hybrid orb 
f o r  which the (2s) 
t a l s  d i rec ted  towaru 
the  vanadium ion  and the  two metal ions ,  w i l l  r e s u l t  i n  a g rea t e r  t o t a l  
overlap and therefore  i s  more s t a b l e .  
a poss ib l e  involvement i n  -TT - bonding. Hybridizat ion r equ i r e s  an 
increase  i n  the  promotion energy which i s  expected t o  be compensated 
by b e t t e r  and more numerous bondings. 
The ( 2 ~ ~ ) ~  i s  not hybridized wi th  
39 
3 .  Oxygen sp2 Hybrid Orb i t a l s  
The s p 2  hybr id iza t ion  assumption was made i n  an e f f o r t  t o  
account f o r  the  inf luence of  t h e  p a r t  of the  c r y s t a l  t h a t  i s  l e f t  out-  
s i d e  of the  region containing the vanadium ion  and the  s i x  l igand oxy- 
gen ions .  Now the  problem of cons t ruc t ing  these  hybrid o r b i t a l s  w i l l  be 
d e a l t  wi th .  These a r e  l i n e a r  combinations of the  usua l  2 s ,  2p func t ions  
of t he  same c e n t e r ,  which a r e  d i rec ted  towards the  neighboring metal  
i ons ,  thus  securing g rea t e r  overlapping and the re fo re  a l a rge r  binding 
energy Since the  three  metal ions l i e  i n  the  same plane,  a s  i n  
Figure 2 ,  only the  2 s ,  2px and 2p Fur- 
thermore the  or thogonal i ty  condi t ion i s  imposed on these  hybrids ,  so 
t h a t  they can form bonds with the metal ions independently of each 
o the r .  
the  d i r e c t i o n s  of metal ions 2 and 3 a r e ,  respec t ive ly :  
25,26 
atomic o r b i t a l s  can be used. 
Y 
Such normalized hybrid o r b i t a l s  along the  x d i r e c t i o n  and along 
s i n  ?j- ( 2s)+cos4 I' ( 2px) 
s i n %  (2s)+cos% (2p2) 
s i n g  (~s )+cos% (2p3) 
12 
METAL ION A Y 
OXYGEN ION #3 3 
' x  .. 
METAL ION 
2 
VANADIUM ION 
Fig. 2. Coordination of the Oxygen Ions in the 
Rutile -Type Structures 
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where 2p2 and 2p3 a r e  the  2p o r b i t a l s  having the d i r e c t i o n s  of atom 2 
and 3 r e spec t ive ly .  The same mixing c o e f f i c i e n t s  a r e  used i n  the  l a s t  
two hybrids due t o  symmetry. 
hybrids g ives  
Orthogonal i ty  between the f i r s t  and second 
and between t h e  second and t h i r d  hybrids gives:  
From Eq. ( l o ) ,  (11) , t he  known angles  B,, = 180- TL and 
t h e  mixing c o e f f i c i e n t s  a r e  ca l cu la t ed .  Table 2 summa- % 23 = '7) 
r i z e s  the  r e s u l t s  f o r  t he  three c r y s t a l s  Sn02,  T i 0 2 ,  G O 2 .  
o r b i t a l s  a r e  w r i t t e n  a s  
oxygen bond i s  spec i f i ed  by '3 ' Iy and t h e  s h o r t e r  one by % '. 
The hybrid 
@ = s in% (2s)+cos% (2p). The longer metal- 
TABLE 2 
COEFFICIENTS OF THE OXYGEN HYBRID ORBITALS 
6 = s i n 3  (2s)+cos$ (2p) 
Sn02 Ti02 G O 2  
s i n  '3' 
cos 3 I 
s i n  ";r 
cos 4-l' 
.413 
.911 
. 812  
.584 
.371 
-929 
.851 
.525 
.411 
.912 
.814 
.582 
14 
The construct ion of the  hybrid o r b i t a l s  G e f f e c t s  an addi-  
t i o n a l  s impl i f i ca t ion  t o  the  t r i a l  func t ion  
the re fo re  t o  the secu la r  determinant E q .  ( 3 ) ,  which i s  reduced from 
33x33 t o  21x21. A t  each l igand oxygen ion ,  t h r e e  6 o r b i t a l s  rep lace  
one 2 s  and two 2p atomic o r b i t a l s  s o  t h a t  the  t o t a l  number of func t ions  
i n  the  expansion E q .  (6)  remains t h i r t y - t h r e e .  However, of the  hybrid 
qV i n  E q .  (6)  and 
G o r b i t a l s  only those d i r ec t ed  toward the  c e n t r a l  vanadium ion w i l l  
be considered in  t r e a t i n g  the  se l ec t ed  region of t he  vanadium ion  and 
the  surrounding s i x  oxygen ions .  Obviously the  o t h e r  6 hybrid 
o r b i t a l s  are involved i n  bonding wi th  the neighboring metal  i ons .  
Therefore ,  r e f e r r ing  t o  Figure 3, the  following twelve l igand o r b i t a l s  
and the  nine vanadium o r b i t a l s  3d, 4 s ,  4p w i l l  be considered i n  the  
X I  expansion E q .  ( 2 ) .  Thus 
I n  E q .  (13) the numerical subsc r ip t s  of t he  o r b i t a l s  denote the  oxygen 
ions  t o  which they belong, and the  coordinate  subsc r ip t s  r e f e r  t o  the 
l igand left-handed coordinate  systems of Figure 3 .  The use of E q .  (4) 
as a t r i a l  function i n  so lv ing  E q .  (1) r e s u l t s  i n  the 21x21 secu la r  
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determinantal  equation: 
4 .  Reduction of the  Secular  Determinant 
by Group Theory and Se lec t ion  Rules 
secu la r  
F i r s t  a 
This  sect ion w i l l  consider  t h e  use of group theory to reduce the  
determinant of  Eq. (15) and t o  der ive  the  s e l e c t i o n  r u l e s .  
s impl i f ied  argument w i l l  be presented based on the f a c t  t h a t  t he  
group i s  an Abelian group and then  a genera l  theorem of group 
theory w i l l  be s t a t e d  - 
(a) Reduction of the Secular  Determinant. 
The reduction of the  secular  determinant depends upon t h e  f o l -  
lowing argument: The region under cons idera t ion  i s  centered  a t  a metal 
h 
s i t e  of symmetry y,, . The symmetry opera tors  of t h i s  group leave 
t h e  Hamiltonian inva r i an t  i . e .  they commute with i t .  Thus f o r  
every symmetry operator  T of t h i s  group: 
Furthermore PLa is  an Abelian group ( the  symmetry opera tors  commute 
among themselves).  I f  s eve ra l  opera tors  commute among themselves i t  i s  
poss ib le  t o  choose b a s i s  funct ions which a r e  simultaneous eigenfunct ions 
of  a l l  the  opera tors ,  Any two such func t ions  are orthogonal i f  they 
d i f f e r  i n  t h e  eigenvalue of any one of the  commuting opera tors .  The 
cha rac t e r  t ab le  of Pxk group (see Appendix C) shows t h a t  t he re  are 
only e igh t  d i f f e r e n t  types o f  bas i s  func t ions  f o r  the  symmetry 
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1 7  
ope ra to r s .  
ope ra to r s .  This  is genera l ly  t r u e  when one dea l s  with one-dimensional 
Note t h a t  t h e  charac te rs  a r e  the  eigenvalues of t he  symmetry 
I.R. Any bas i s  func t ion  must t ransform according t o  one of t he  e i g h t  
i r r educ ib l e  r ep resen ta t ions .  For example t h e  func t ion  xy belongs t o  the  
B ( o r  3 o r  '48 ) i r r educ ib l e  r ep resen ta t ion .  
simultaneous eigenfunc- 
1 
'b I n  a matr ix  representa t ion  based on 
t i o n s  of the  symmetry operators  of the plk group, E q .  (16) becomes 
However, t he  T matrix i s  diagonal s ince  eigenfunct ions of t h e  T operator  
are used. Therefore ,  E q .  ( 1 7 )  reduces t o  
o r  
Thus the  off-diagonal  matrix element 7% i s  zero i f  the  eigenfunc- 
t i o n s  L and g ive  d i f f e r e n t  eigenvalues f o r  t he  opera tor  T .  Since 
t h e r e  i s  always a syrmnetry operator  w i th  d i f f e r e n t  e igenvalues  i n  two 
d i f f e r e n t  I . R .  ( i t  i s  exac t ly  t h i s  proper ty  t h a t  d i s t i ngu i shes  t h e  var i -  
ous I . R . s ) ,  a l l  energy mat r ix  elements a r e  zero,  i f  i and k 
r e f e r  t o  func t ions  transforming according t o  d i f f e r e n t  I . R .  of  t h e  p , ~  
group. The same a p p l i e s  t o  the mat r ix  ik i n  E q .  (15) because t h e  
whole argument can be repeated when the Hamiltonian opera tor  i s  replaced 
by the  u n i t  ope ra to r .  
;1; 
18 
Therefore, i f  ins tead  of the 2 1  atomic o r b i t a l s  , i n  Eq. 
V L  
(14) combications o f  them transforming according t o  the  I.R. of the  
rhombic symmetry group a r e  used, the  secu la r  determinant Eq. (15) w i l l  
be reduced t o  a number of smaller  determinants equal  t o  the  number of 
I S  D 7; t he  d i f f e r e n t  I.R.'s contained i n  the combinations of the  
The order  of each one of these  determinants w i l l  be equal  t o  the  number 
I s  belonging t o  an i r r educ ib l e  r ep resen ta t ion .  
Of cp; 
(b) S e l e c t  ion Rules e 
To formulate the  s e l e c t i o n  r u l e s  one must f i n d  a way t o  d e t e r -  
mine i f  a m a t r i x  element of t he  form 
MI =(+;y DIP) 1 + b ( u ) >  (20) 
i s  i d e n t i c a l l y  zero o r  no t .  L e t  t he  funct ions 
and the  operator  0;) t ransform according t o  the  
and Pto. I . R . ' s  r e spec t ive ly .  Since t h e  matr ix  element Eq. (20)  i s  a 
number it  should remain inva r i an t  under t h e  a p p l i c a t i o n  of a l l  the  sym- 
metry opera tors  of the  
opera tor  t o  Eq. (20) r e s u l t s  i n  mult iplying each one of t h e  . 9 
group. The app l i ca t ion  of a symmetry 
il, (1) 
DnR, 
I L  
, and ii?,(9) by the  corresponding eigenvalue which i s  given 
i n  t h e  charac te r  t a b l e  i n  the Appendix C. Therefore the mat r ix  element 
Eq. (20) i s  not zero only i f  the  product of t h e  cha rac t e r s  (e igenvalues)  
which correspond t o  f o r  every symmetry 
opera t ion  of the group is  equal  t o  u n i t y .  
(c)  General Theorem of Group Theory. 
I-". general ,  both the reduct ion  of the secu la r  equation and the  
s e l e c t i o n  ru l e s  a r e  based on the  following theorem of group theory: 
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The matr ix  element M - -  of Eq. (20) is nonzero only i f  t he  reduct ion of  
t h e  d i r e c t  product 'b(r'@ P"t!ontains the  I.R. P') . For a 
proof see ,  f o r  example, Heine. When the  opera tor  
i l t o n i a n  H tft o r  the  u n i t  operator ,  t he  I .R .  P'') is  the  i d e n t i t y  
I.R. Then the  product 
i s  the  Ham- 
20 
9 ") , and f o r  a 
nonzero matrix element the  I . R .  9'') must be t h e  same as 9 (4 .
b Thus a l l  off-diagonal  matr ix  element H and $ii a r e  zero f o r  
and 9. belonging t o  d i f f e r e n t  I.R.'s. 
\ 
funct ions 
CHAPTER I11 
LINEAR COMBINATIONS OF ATOMIC ORBITALS (LCAO) TRANSFORMING 
ACCORDING TO THE I .R. ‘S OF THE DZh GROUP 
Chapter 11-4 demonstrated that in order to simplify the secular 
determinant Eq. ( 3 ) ,  combinations of atomic orbitals transforming 
according to the I.R. of the group are needed. The symmetry 
classification of the metal orbitals is as shown in the character table 
1-k 
in Appendix C. For the ligand orbitals the method of projection opera- 
tors is convenient in constructing the combinations which transform 
according to the I.R. In the case of one-dimensional representations 
the recipe is simply 
(>’ (T) x is any member of the original set of orbitals, where e; 
is the character of the transformation T for the irreducible repre- 
sentation I;\ , N is a normalization constant, and 9 ‘” is the 
orbital which transforms according to the 3 th I.R. expressed as a lin- 
ear combination of the ‘ s .  Occasionally the function 
is zero. This happens when the function . already has symmetry 
properties incompatible with the irreducible representation > , 
i.e., its projection on 3 is zero. 
?I- 
20 
21 
The funct ions 7. t o  be used i n  Eq. (21) a r e  the  twelve 
I 
l igand o r b i t a l s  i n  Eq. ( 1 3 ) .  For a sample app l i ca t ion  of Eq. (21) con- 
s i d e r  6, . The symmetry operators  T appl ied  t o  it give: 
Mult iplying by the  cha rac t e r s  of the  B I . R .  and summing one ge t s :  
o r  a f t e r  normalization 
x 
The f i n a l  twelve l igand combinations a r e  l i s t e d  i n  Table 3 .  The s igns  
i n  f r o n t  of these  funct ions are chosen so  t h a t  t he  major i ty  of the  over- 
lap i n t e g r a l s  with the  metal  o r b i t a l s  i s  p o s i t i v e .  This i s  done t o  
f a c i l i t a t e  programming f o r  the  IBM 7090 computer. 
Table 3 conta ins  a l s o  the metal  o r b i t a l s  given i n  Appendix C. 
The l a s t  column ind ica t e s  t h e  number of m e t a l  and l igand funct ions which 
transform according t o  each I.R. According t o  Chapter 11-4, nonzero 
and s ;k may occur only between func t ions  matr ix  elements 
of the  same I.R. Therefore i f  t h e  twenty-one funct ions of Table 2 a r e  
used i n  the  expansion Eq. (14) i n s t ead  of the  func t ions  Eq. (13) ,  the  
secu la r  determinant Eq. (15) s p l i t s  i n t o  e i g h t  smaller  ones.  The dimen- 
s i o n  of these  smaller  determinants i s  exac t ly  equal  t o  t h e  number 
r.C, 
22 
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appearing i n  the l a s t  column of Table 3.  
equations of the form 
Thus one g e t s  e i g h t  s ecu la r  
where r e f e r  t o  t h e  f ive func t ions  of t h e  A I . R . ,  t o  t he  two 
func t ions  of the B I . R . ,  e t c .  The e i g e n s t a t e s  belonging t o  the  d i f -  
f e r e n t  I . R .  a r e  denoted by 
H1, H2, H 3 .  
(or  N ‘ 8  o r  Ti% ) with five eigenfunctions of t h e  form 
A1, A2, A3, A 4 ,  As; B1, B2; C 1 ,  C 2 ,  C3; . . . 
For example, a 5x5 determinant corresponds t o  the I . R .  A 
For a p a r t i c u l a r  ca se ,  t he  f ive  c o e f f i c i e n t s  
s t a t e s  A; , obtained by solving t h e  corresponding secu la r  equat ion ,  
a r e  given i n  Table 7 of Chapter V-2. 
c; and t h e  f i v e  eigen- 
CHAPTER I V  
COMPONENTS OF THE SECULAR EQUATIONS 
I n  order t o  solve the  secu la r  Eq. (25), t he  overlap i n t e g r a l s  
and the energy matr ix  elements y ;.ps, a s  def ined i n  Eqs. ( 4 )  
and ( 5 )  must f i r s t  be determined. The ind ices  r e f e r  t o  the  func t ions  of 
Table 2 and not to  the  atomic o r b i t a l s .  This  chapter  descr ibes  ways of 
obtaining the  
1. Group Overlap I n t e g r a l s  
When combinations of l igand func t ions  transforming according t o  
the var ious  I.R.'s a r e  used, the overlap i n t e g r a l s  si& a r e  c a l l e d  
group overlap i n t e g r a l s  because they involve more than one two-center 
overlap i n t e g r a l s .  Thei r  eva lua t ion  i s  s t ra ight forward  but ted ious .  
For example, consider t he  D I . R .  f o r  which the re  are the  metal  o r b i t a l  
3d and the  ligand  orbital 3, , a s  shown i n  Table 3. The 
Y= 
group overlap i n t e g r a l  i s  given by 
By s u b s t i t u t i n g  y: from Table 3: 
24 
25 
An i n t e g r a l  l i k e  <( p,)1\3& Yt \ i s  c a l l e d  a two-center i n t e g r a l  
because the func t ion  is centered  a t  t h e  oxygen ion  fl, and t h e  
3dyz a t  t h e  vanadium ion .  
cen tered  i n t e g r a l s  r e f e r r e d  t o  a sphero ida l  coordinate system (see 
Since t h e r e  a r e  many t abu la t ions  of two- 
Figure 4) one must express the c e n t r a l  metal  o r b i t a l  
i n  four  d i f f e r e n t  coord ina te  systems which have t h e i r  
ing towards t h e  ligand oxygen #l, K2, #3, and #4 r e spec t ive ly ,  and t h e i r  
2 -axis  po in t -  
axes of the  left-handed ' Y  X -  , y -  axes p a r a l l e l  t o  t h e  X 
systems a t  the  ind iv idua l  ligand oxygen. Figure 3 shows t h a t  t h e  above- 
mentioned t ransformat ion  can be accomplished by s u b s t i t u t i n g  f o r  cos 8 
s i n  s i n  @ and s i n e  cos @ t he  expressions given i n  Table 
4, where o( and a r e  angles i n  the  ro t a t ed  coordinate systems, which 
p l ay  the  r o l e  of 8 and 
, 
@ of t h e  o l d  system. 
TABLE 4 
TRANSFORMATION OF THE SPHERICAL HARMONICS 
Ligand cos 8 S i n e  s i n @  S i n e  c o s +  
1 -sine( s i n p  A - B  - L A  
2 - s i n  O( s i n p  A + B  + r  - A  
3 
1 
P - s i n  o( s i n  -A + B +r+n 
4 - s i n  rn s i n p  -A - B - r +  
- s i n %  cosr 
- s i n  O( cos 6 
P 
6 
5 -cos o( sine( s i n  
6 +cos o( - s i n =  s i n  
I 
- 
V/ 
b 
V/ - 
I 
3 
JJ 
m 
h 
v3 
I 
I 
1 
8 
I 
I 
I 
I 
D 
I 
I 
I 
I 
I 
I 
D 
1 
I 
I 
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where A = cos (j, s i n  cx cos f , B = s in? ,  a cos w , = s i n  s i n  ~0 I 
cos p , n = cos e; cos o( . 
Therefore 
7 
i s  a two-center overlap i n t e g r a l .  Following 
 he <xp 7T pV> 
t h i s  method and neglec t ing  any l igand-ligand overlapping, the  following 
I 
28 
I 
nonzero expressions f o r  the  group overlap i n t e g r a l s  were obtained f o r  
each I.R. 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
8 
I 
I 
1 
1 
I 
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- - 
where L stands f o r  the shorter  vanadium-oxygen d is tance  and ), f o r  
the  
N 4 B  
t he  
the  
N, % , "3 , "1., , longer one. A ,  B y  C y  D ,  E ,  Z ,  H s tand f o r  
and NhL , and t h e  numbers denote the  o r b i t a l s  i n  , N3LL , N Z k  
corresponding I . R .  a s  l i s t e d  i n  Table 2 .  For example, C 1 3  denotes 
group overlap i n t e g r a l  of the  f i r s t  ( i . e . ,  3d ) and t h i r d  ( i . e . ,  Y= 
I . R .  9 3(, ) o r b i t a l s  i n  the  N 
2 .  Two-Center Overlap In t eg ra l s  
It w a s  seen t h a t  the  group overlap i n t e g r a l s  can be expressed 
i n  terms of two-center overlap i n t e g r a l s .  
of c a l c u l a t i n g  the  l a t t e r  w i l l  be considered. For example, l e t  the  
in t eg ra  1 <%5 I 4p6) be calculated when the  d i s t ances  a r e  i n  atomic 
u n i t s  and the  r a d i a l  par ts  a re  given as 
I n  t h i s  paragraph the  method 
Mote t h a t  the  normalization constants  Na and Nb a r e  given f o r  the  
r a d i a l  p a r t  only.  Then 
30 
Observing t h a t  i n  the  sphero ida l  coord ina te  system of Figure 4 
and def in ing  
(39)  
I 
I 
1 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
1 
I 
1 
1 
1 
I 
Simi la r  expressions f o r  the two-centered i n t e g r a l s  needed i n  t h i s  work 
have been derived and a r e  l i s t e d  i n  Appendix D .  The A and B i n t e g r a l s  
are t abu la t ed  i n  Refs.  3 2 ,  3 3 ,  34 ,  and o v e r a l l  two-center i n t e g r a l s  i n  
Ref.  3 5 .  For t h e  present  problem the i n t e g r a l s  A and B w e r e  ca l cu la t ed  
by a MAD program using the  following SCF r a d i a l  func t ions .  43 23327 For 
oxygen 
R ( 2 s )  = -54594))  (1.80)+.4839 ($&(2.80) 
- %  
p1 
R (2p) = .6804 $ (1 .55 )+ .4038  
For vanadium 
R (3d) = .52430836 (1.8289)+.49893811 $ (3 .6102)  
+ .11312810 (6.8020)+ .00545223 (12.4322)  6 i 
R (4s) = R ( 4 p )  = -.02244797 (23.9091)- .01390591 (20.5950)  
+.06962484 4 (10.16666)+.06773727 (/I3 (9 .3319)  
-.09707771 ($ (5 .1562)- .024620956 (3 .5078)  
4 XI 
3 R 
(3.8742)+.36058942 + (1 .8764)  
2.4 
4 
( 4 3 )  
(1 1462)+. 14868524 ( .7800) 
4 ( 4 4 )  
32 
where 
and 
i 
The f i n a l  results fo r  the group overlap in t eg ra l s  (see Appendix D) a re  
given i n  Table 5. 
TABLE 5 
GROUP OVERLAP INTEGRALS 
SnO T i 0 2  GeO 
A 14 
A15 
A24 
A 2  5 
A34 
B 12  
c 1 2  
C 13 
D 1 2  
E 12  
E 13 
z 12  
H 1 2  
H13 
.494 
.425 
- .148 
217 
- .053 
.251 
e 090 
.099 
.110 
.604 
- 325 
.504 
409 
a 227 
.495 
,445 
-. 162 
.233 
- .045 
.278 
.112  
.113 
.131 
.627 
.359 
.474 
.404 
.243 
.525 
.456 
- .180 
.255 
- .063 
.305 
.128 
.126 
.157 
.630 
.395 
.502 
.408 
.259 
I 
I 
I 
1 
I 
I 
I 
I 
8 
I 
i 
I 
I 
I 
1 
I 
i 
1 
8 
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3 .  Diagonal Energy Matr ix  Elements 
The most s u b t l e  po in t  in  so lv ing  t h e  secu la r  Eq. (25) is  t h e  
e s t ima t ion  of t h e  energy m a t r i x  elements. Since these cannot be 
obtained from f i r s t  p r i n c i p l e s ,  semiempirical methods t o  approximate 
them from known experimental spectroscopic da t a  w i l l  be developed. Two 
types  of energy mat r ix  element a r e  d i s t ingu i shed  i n  the secu la r  Eq. 
(25):  
(b) t h e  off-diagonal ones H-- 5 , c a l l e d  resonance i n t e g r a l s .  
2 
L L  
(a )  t h e  diagonal elements H-- 5 ,  c a l l e d  Coulomb i n t e g r a l s ,  and 
> 
‘A 
The Coulomb i n t e g r a l  d;; gives the  p o t e n t i a l  energy of an 
It can be taken equal t o  the  f r e e  atom e l e c t r o n  i n  the  i - t h  o r b i t a l .  
(o r  ion) i on iza t ion  energy of an e l e c t r o n  on t h i s  o r b i t a l  t o  t h e  zero-th 
approximation. For a hybrid o r b i t a l ,  the  weighted average i s  taken, and 
f o r  an o r b i t a l  cons i s t ing  of l i nea r  combination of l igand o r b i t a l s  aga in  
t h e  ion iza t ion  energy of one of t h e  s i m i l a r  l igand o r b i t a l s  i s  taken. 
However, a b e t t e r  es t imate  of the H; 5 i s  obtained by means of t h e  
concept of t he  valence s t a t e  i on iza t ion  p o t e n t i a l  (VSIP). A d i scuss ion  
of t he  procedure is  given by Moffitt2’ (see a l s o  Appendix H) . 
7 
To use M o f f i t t ’ s  tables2’ f o r  the oxygen VSIP, a binding scheme 
must be adopted. Here it w i l l  be shown t h a t  t h e  adoption of t he  i o n i c  
s t a t e s  0’ and vx-  f o r  t h e  oxygen and vanadium respec t ive ly ,  can 
s a t i s f y  t h e  symmetry requirements and the  production of t he  ESR spectrum 
i n  a homopolar binding scheme wi th  oxygen 
Figure 1 the  spa t i a l  arrangement of ions i n  the  r u t i l e  s t r u c t u r e  sug- 
hybr id i za t ion .  From ”p” 
g e s t s  a valency of t h ree  (V ) f o r  t h e  oxygen ions and a valency of s i x  3 
(V6) f o r  the metal i ons .  This impl ies  t h a t  t he re  a r e  th ree  and s i x  
34 
e lec t rons  with uncorrelated sp ins  i n  the  r e spec t ive  valence s t a t e s  ( see  
Appendix H ) .  The oxygen ion conf igura t ion  g iv ing  valency of t h ree  i s  
0: [He ]  2J5 x,z ap ap 
% > (  Y 
According t o  Figure 2 and the  d iscuss ion  i n  Chapter 11-3, t he  
and 2py form hybrid o r b i t a l s  with th ree  spin-uncorrelated e l e c t r o n s .  
The o the r  two e lec t rons  w i l l  occupy t h e  
c a l l e d  lone pa i r .  Such an e l e c t r o n  w i l l  be denoted as p 
o v e r a l l  c r y s t a l  n e u t r a l i t y  the  metal  ions must have a double negat ive 
charge.  This  implies t h a t  f o r  vanadium t h e r e  a r e  seven valence elec- 
t rons  ou t s ide  the argon co re .  This i s  expected i f  one cons iders  the  s i x  
bonds wi th  the  surrounding oxygen ions and the  s i n g l e  unpaired e l e c t r o n  
which produces the  ESR spectrum. 
2 s ,  2px, 
2pz o r b i t a l  forming t h e  so-  
. For an e 
The bonding scheme f i t s  the  requirement of t h e  symmetry and of 
the  number of e lec t rons  except t h a t  oxygen has a much g r e a t e r  e l e c t r o -  
11 11 
and Pau l ing ' s  e l e c t r o n e u t r a l i t y  p r i n c i p l e  n e g a t i v i t y  than vanadium, 
a s s e r t s  t h a t  the charge on each ion  i s  i n  the  range - l e  t o  + le .  One can 
overcome these  d i f f i c u l t i e s  by assuming a p a r t i a l l y  i o n i c  cha rac t e r  of 
the  bonds so tha t  e l e c t r o n i c  charge i s  s h i f t e d  towards t h e  l igands ,  
r e s u l t i n g  i n  a small p o s i t i v e  charge f o r  vanadium and a correspondingly 
s m a l l  negat ive charge f o r  the oxygen ions .  A s  it  w i l l  be seen,  the  
molecular o r b i t a l  c a l c u l a t i o n  w i l l  determine t h i s  i o n i c i t y  of the  bonds. 
I n  t h i s  sense the charges 0'' , / / % - w i l l  be considered from now on as  
nominal charges.  
Of course, none of the  above problem arises i f  one considers  a 
purely ion ic  bonding with v4+ and OK-. The neares t  noble gas 
35 
conf igu ra t ion  i s  achieved f o r  oxygen and metal ions except f o r  v" 
which i s  l e f t  w i th  one valence e l e c t r o n  producing t h e  ESR spectrum. 
However, i t  i s  believed t h a t  a pure ly  i o n i c  bonding i s  gene ra l ly  r a r e  
ou t s ide  the  I-VI1 compounds. 
The VSIP's of 
-1 -1 
0' ca lcu la ted  here  a r e  416396 c m - l ,  277022 
c m  , and 253122 cm f o r  an s-, p-,  and p - e l e c t r o n  r e spec t ive ly .  
The oxygen atom i n  t h e  r u t i l e  s t r u c t u r e s  is assumed t o  have the 
conf igura t ion  
1 
with  th ree  unpaired s p i n s .  The corresponding valence s t a t e ,  according 
t o  M o f f i t t ,  i s  designated a s  5 $ XY ( ) with  promotion energy 
The f a c t  t h a t  2s, 
a s  the conf igura t ion  remains unchanged. This i s  c a l l e d  f i r s t - o r d e r  
hybr id i za t ion .  To es t imate  the i o n i z a t i o n  p o t e n t i a l  ( I . P a )  of an s- 
o r  p-e lec t ron ,  t h e  valence s t a t e  of t h e  f i n a l  conf igu ra t ion  must a l s o  
be considered.. Thus, f o r  an s-unpaired e l e c t r o n  
2px, and 2py hybridize does not change t h i s  energy, 
sp4( V3). P*(Vd 
f o r  a p-unpaired e l e c t r o n  
f o r  a p - e l ec t ron  of t he  lone p a i r  e 
36 
Therefore:  
( s  ) + 
'PL ) 
VSIP of (p ) = ( I . P .  of 0 ground s ta te)-promotion energy t o  sp4(V3)+ 
+promotion energy t o  
287472.15 416396.42cm- 
= (283550.9 cm-l) - (154626.63 cm-l) + 148097.82 
(124197 .90) = (iiiiii : ;;::' ) (47) 
a s  the promotion energ ies  t o  
of O* a r e  given by: 
p4 ( v,) , S p3(v~)  and s t  ( v h )  
and 
r e spec t ive ly .  - 0 
The VSHP of 0 and 0 a r e  ca l cu la t ed  next and found t o  be 
-1 -1 -1 
222000 c m  , 115300 c m  , and 98968 cm f o r  an s- ,  p-,  and p, - e l e c -  
-1 c -1 -1 
t r o n  of 0" respec t ive ly ,  and (80000 c m ?  )., 16200 c m  , and 3710 c m  
- 
f o r  the  corresponding e l ec t rons  of 0 . The procedures a r e  as 
follows: It was seen t h a t  the  p o l a r i t y  of t h e  bonds i s  expected t o  
decrease the pos i t ive  charge on the  oxygen cen te r  and most l i k e l y  t o  
reverse  i t ,  I n  such a case the  VSIP w i l l  be d i f f e r e n t ,  c l e a r l y  smal le r ,  
SO t h a t  i t  needs t o  be re-est imated.  Since the  t a b l e s  give spec t ros-  
copic da t a  of t h e  elements with i n t e g r a l  e l e c t r o o i c  charge,  the  VSIP of 
f r a c t i o n a l  charge i s  t o  be obtained by i n t e r p o l a t i o n .  Next w e  need t o  
I 
I 
I 
1 
1 
1 
I 
1 
It 
i 
I 
i 
1 
I 
I 
i 
I 
I 
1 
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see  how t o  es t imate  t h e  VSIP of an oxygen which i s  e f f e c t i v e l y  n e u t r a l  
( o r  w i th  - l i e \  
i t  i s  assumed t h a t  t h e  VSIP of the  i s o e l e c t r o n i c  ion  w i l l  be a good 
approximation. For an e f f e c t i v e l y  n e u t r a l  oxygen o r  f o r  0 , t h e  
n e u t r a l  n i t rogen  atom N o  and t h e  carbon negative ion  C- are con- 
s ide red  i n s t e a d .  All VSIP f o r  No and C-,  except f o r  t h e  2s elec- 
30 t r o n  of 
A va lue  of about 10 e V  i s  not unreasonable f o r  t h e  C- 2s e l e c t r o n .  
The procedure of c a l c u l a t i n g  the VSIP is  the  same as  i n  the  previous 
paragraph. The va lues  taken from t h e  t a b l e s  of Skinner and P r i t cha rd  
a r e  : 
(a)  Valence state energ ies  i n  eV. 
charge) because of t h e  p o l a r i t y  of t h e  bonds. For t h i s  
- 
C- a r e  obtained from a t a b l e  given by Skinner and P r i t cha rd .  
C- 
N 
C 
Nt 
C 
Nt 
C 
Nt 
(9.38) 
14.23 
8.14 
11.64 
9.69 
14.03 
- 
(27.2) 
(b) I o n i z a t i o n  p o t e n t i a l s  i n  e V .  
c - ( s2p3, 4s> C(s2p2 3P> 1 . 7  
N ( s ~ P ~ , ~ S )  N+(s2p2 3P> 14.54 
ex t r apo la t ed  
ex t r apo la t ed  
38 
F ina l ly  the  VSIP of the vanadium d e l e c t r o n s  a r e  es t imated .  
The r e s u l t s  are summarized i n  the  following t a b l e .  
V*(CO++) V+ (F e+) Vo(Mno) 
4P 165658 cm-' 102308 cm'l 38722 cm'l  
4s 219465 127369 547 62 
3d 295997 141178 62516 
Moff i t t  does not give t a b l e s  f o r  3d e l e c t r o n s ,  so the  following pro- 
cedure was adopted, The i s o e l e c t r i c  s e r i e s  f o r  vanadium i n  the  r u t i l e  
s t r u c t u r e  wi th  nominally seven e l e c t r o n s ,  but with an  e f f e c t i v e  charge 
of zero,  +le and +2e, i s  According t o  Moore's t a b l e s  
and no ta t ion ,  t he  I . P .  of MnO (a "$ ) t o  Mn+(CL '$ ) i s  59960 CUI-'. 
The average of t h e  two s t a t e s  of MnO, k8Po (.-'s + 4 p /I' ) and 
*'Po[& 2 + 4 p,/,) , i s  21257.74 c m - l ;  t he re fo re  
MnO, Fe+, Co*. 
28 
( 4 8 )  
IJ 
VSIP of 4p e l e c t r o n  = 59960-21237.74-0=38722.26 cm-' 
The average, a l so ,  of  the  two s t a t e s  of Mn', a 6 D  ( CL ' D + ~ s  T \ 
I 
i s  19784.41 c m - l ;  t he  average of a D and a ~ ( f A ~ + ~ ' j ~ ' )  
of Mn+ i s  14586.16 cm-l. Therefore 
IJ 
VSIP of 4s  e l e c t r o n  = 59960-19784.41+14586 16-54761.75 c m - l  
( 4 9 )  
The same procedure is  appl ied f o r  Fe+ and Co-. The 3d VSIP f o r  
Mn0, Fe', and Co* a r e  est imated from the  t a b l e s  given by Sla te r3 '  and 
Watson. 
27 
39 
I n  Table 6 the  valence s t a t e  i on iza t ion  p o t e n t i a l s  f o r  t he  vana- 
dium charge range 0 t o  +.65e and t h e  corresponding oxygen range 0 
t o  -.325e a r e  tabula ted .  In te rpola t ion  i s  used t o  obta in  t h e  VSIP's of 
t h e  e l e c t r o n s  on the  vanadium o r b i t a l s  4p, 4s, 3d and on the  oxygen 
o r b i t a l  of the lone p a i r  p , f o r  var ious  f r a c t i o n a l  n e t  charges of  t h e  
vanadium and oxygen ions .  
e 
For t he  e l ec t rons  on the  hybrid o r b i t a l s  
t he  VSIP's a r e  the  weighted averages: 
These a r e  ca l cu la t ed  for the  i n t e g r a l  va lues  of the  ne t  i o n i c  charge and 
then in t e rpo la t ed .  The values o f  s i n > '  and c o s 2  ' a r e  taken from 
Table 2 .  
These VSIP's present  a weak poin t  i n  a l l  semiempirical  ca l cu la -  
t i o n s .  However, there  a r e  two reassur ing  f ac to r s :  (a)  the  use of i so -  
e l ec t ron ic - ion  parameters does not a f f e c t  the type and r e l a t i v e  
pos i t i ons  o f  molecular o r b i t a l s  a s  the  i soe l ec t ron ic  p r i n c i p l e  
a s s e r t s ,  and (b) s ince  t h e  VSIP's a r e  used a s  parameters i n  so lv ing  
the  secu la r  determinant even the numerical r e s u l t s  w i l l  not be g r e a t l y  
d i f f e r e n t  i f  the  r i g h t  parameters a r e  chosen. 
32 
4 .  O f f  -Diagonal Energy Matrix Elements 
The off-diagonal  energy matr ix  elements,  o r  resonant i n t e g r a l s ,  
33 Hi. a r e  even more d i f f i c u l t  t o  e s t ima te .  Mull iken 's  a s s e r t i o n  
b 
40 
t h a t  H. i s  1.5 t o  2 t i m e s  t he  quan t i ty  
i s  o f t e n  followed. Wolfsberg and Helmholtz used both 1.67 and 2.  More 
r ecen t ly  Gray and Ballhausen, and Lipscomb3’ used 2 .  However, t he  
geometric mean seems t o  give a b e t t e r  f i t  than  the  a r i t h m e t i c  mean, so  
throughout t h i s  work Hi-  w i l l  be approximated by 
L ’ h  
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CHAPTER V 
SOLUTION OF SECULAR EQUATION 
1. Energy Eigenvalues 
Chapter I11 showed tha t  the  o r i g i n a l  s ecu la r  E q .  (15) i s  reduced 
t o  o the r  smaller E q s .  (25) by using LCAO transforming according t o  the  
‘ I . R .  of the  pztd group. T o  each I . R .  corresponds a s ecu la r  equat ion 
whose order  depends on the  number of func t ions  belonging t o  i t .  For 
example, Table 3 shows t h a t  there i s  a secu la r  equat ion of f i f t h  order  
corresponding t o  the  i r reducib le  r ep resen ta t ion  A .  The group overlap 
i n t e g r a l s  $;& and the  diagonal energy mat r ix  elements Q i i .  were 
/ 
ca lcu la t ed  i n  Chapter I V  (see Tables 5 and 6 ) .  The l a t t e r  is found t o  
vary  with the  assumed ion  charge. The former, however, does not  seem t o  
vary appreciably,  according t o  the  SCF c a l c u l a t i o n s  of  Watson,*’ so t h a t  
no cor rec t ion  is appl ied .  The off-diagonal  energy matrix elements a r e  
found by the  approximation Eq. (52) .  
Secular  E q s .  (25) a r e  solved on t h e  IBM 7090 computer, using a 
program w r i t t e n  i n  MAD language (see  Appendix J ) .  The input  c o n s i s t s  of 
diagonal  energy matr ix  elements H;; and the  group overlap i n t e g r a l s  
. The o f f - d i a g h l  elements Hi- are ca l cu la t ed  by the  program P 3i-L x 
following E q .  (52) .  The output c o n s i s t s  of the  one-electron e i g e n s t a t e s  
43 
and eigenvalues of  t he  vanadium and oxygen valence e l ec t rons  i n  the MO 
scheme. Also,  the  f r a c t i o n  of the  o r b i t a l  charge t h a t  can be assigned 
t o  vanadium i s  given ( f o r  more d e t a i l s  on t h i s  see  the  next s e c t i o n ,  
v -2 ) .  
Thus i n  Figure 5 the e l e c t r o n  eigenvalues  of Sn02:V are  shown. 
The V S I Y  of vanadium i n  the range 0 t o  +65e and of oxygen i n  the  co r re s -  
ponding region 0 t o  -.325e a r e  taken from Table 5 and used a s  parameters 
( s e e  below). Only nineteen o r b i t a l s  a r e  shown: 
having energies  around +90 K c m - l ,  a r e  omit ted.  
two o t h e r s ,  A5 and E2, 
The c e n t r a l  p a r t  of 
Figure 5 i s  drawn again i n  Figure 6 .  The l e v e l s  a r e  designated accord- 
ing t o  t h e i r  symmetry. The subsc r ip t s  a r e  used t o  d i s t i n g u i s h  the  v a r i -  
ous l eve l s  of the same synunetry. S imi la r  curves f o r  T i 0 2 : V  and Ge02:V 
a r e  drawn i n  Figures 7 and 8 r e spec t ive ly .  Energy eigenvalues  a r e  tabu- 
l a t ed  a l s o  i n  Appendix E .  
The s i m i l a r i t y  of the  three  spec t r a  f o r  Sn02, T i 0 2 ,  and Ge02 i s  
s t r i k i n g ,  a s  w e l l  a s  the f a c t  t h a t  the  r e l a t i v e  pos i t i ons  and va lues  of 
the  energy leve ls  a r e  s e n s i t i v e  t o  small  changes i n  the  ion ic  charge.  
Figure 5 shows t h a t  t he  A3 l e v e l  c rosses  the four  l e v e l s  E 3 ,  H 3 ,  
C 2 .  
I X3 >, 
Simi lar  r e s u l t s  apply The leve ls  A2 and B2 c ros s  some l e v e l s  a l s o .  
f o r  the  T i 0 2 : V  and G e 0 2 : V .  
NOW a j u s t i f i c a t i o n  i s  needed f o r  t r e a t i n g  the  VSLP's  a s  param- 
e t e r s .  The d i f f i c u l t i e s  i n  obta in ing  r k l i a b l e  va lues  of the VSIP's were 
explained i n  Chapter I V .  On the o ther  hand, i t  i s  not iced  t h a t  t he  
energy eigenvalues depend r a t h e r  c r i t i c a l l y  on the  VSIP's used. There- 
f o r e ,  any ca l cu la t ion  based on a s ing le  set  of  VSIP's ( i . e . ,  on one 
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assumed vanadium charge) cannot be expected t o  give r e s u l t s  i n  quant i ta -  
t i v e  agreement with experiment. Thus it is c l e a r  t h a t  t o  f i n d  t h e  bes t  
s e t  of VSIP another phys ica l  quant i ty  i s  needed t o  monitor t h e  ca l cu la -  
t i o n .  
cons is tency .  This i s  explained below. 
Usually t h e  ion ic  charge is  taken as t he  means of achieving s e l f -  
2 .  Charge Se l f -cons is tency  
To select the b e s t  set of VSIP's and t h u s  t h e  s o l u t i o n  of the  
secu la r  Eqs. (25) ,  t h e  vanadium charge is taken a s  a monitor. 
A t r i a l  and e r r o r  method i s  a s  follows: (a )  A vanadium charge 
i s  assumed. 
s e l e c t e d  from Table 6 and the secular equations a r e  solved. 
s o l u t i o n  is then used t o  ca l cu la t e  t he  vanadium charge which is compared 
t o  t h e  assumed va lue .  
f e r e n t  assumed vanadium charges u n t i l  agreement i s  reached i n  s t e p  ( c ) .  
When agreement is reached one says t h a t  charge se l f -cons is tency  i s  
fu If i l l e d  . 
(b) The corresponding VSIP's of vanadium and oxygen are 
(c) This 
(d) The above procedures a r e  repeated wi th  d i f -  
To c a r r y  out t h i s  program one must determine which MO's a r e  
occupied and then  c a l c u l a t e  the charge on the  vanadium ion  from t h e  MO's. 
The charge i s  ca l cu la t ed  (see Appendix J) as follows: The s o l u t i o n  of 
t h e  secu la r  Eqs. (25) provide twenty-one eigenvalues and eigenfunctions.  
A t y p i c a l  set of eigenvalues and e igenfunct ions  i s  given i n  Table 7 .  
The simplest  normalized eigenfunctions,  l i k e  t h e  B1, a r e  of t he  form 
50 
TABLE 7 
EIGENPUNGTIOMS OF VANADIUM IN Sn02 FOR AN 
ASSUMED VANADIuEl CIURGE OF + .25e 
Energy i n  ern" Eigenfunc t i o n s  
86743 E2 
80660 A5 
-1182 Z2 
-8235 H2 
-58941 A2 
-59395 B2 
-58666 C3 
-71053 D2 
-78298 A3 
-85328 C2 
-85328 NLb 
-87380 H3 
-88314 E3 
-90600 D1 
-92019 Cp 
-122743 H I  
-124155 Z j  
-125185 BI  
-130140 A, 
-171422 E ]  
-174822 A ]  
D 
I 
D 
I 
I 
D 
D 
I 
1 
I 
1 
1 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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I 
I 
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I 
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The o r b i t a l  charge normalized t o  1 i s  
(54) 
Following Mull iken 's  ~ u g g e s t i o n , ~ ~  the  f r a c t i o n  of MO charge on t h e  
vanadium i s  set equal t o  t h e  charge C1 found pure ly  on vanadium, p lus  
h a l f  of t h e  overlap charge %C C $, --e  
charge on vanadium due t o  o r b i t a l  
2 
, i . e . ,  t he  e f f e c t i v e  
I %  
i s  taken equal t o  
(55) 
The gene ra l i za t ion  of t h i s  procedure t o  more complicated o r b i t a l s  i s  
obvious. 
is  p l o t t e d  f o r  t h e  f i r s t  t h i r t e e n  molecular o r b i t a l s  of Sn02:V vs. t h e  
assumed vanadium charge. It i s  observed t h a t  t h i s  f r a c t i o n  does not  
change f o r  some of t he  MO's such as Ag, E3, H3, C2,  and I X3 >. 
exemplified i n  Appendix F f o r  the A3 l e v e l .  
Z1, H1, A1, El ,  t he re  is a gradual decrease i n  the  value of t he  o r b i t a l  
charge f r a c t i o n  assigned t o  vanadium from l e f t  t o  r i g h t ,  which co r re s -  
ponds t o  a gradual diminishing of t h e  c o e f f i c i e n t s  of the metal p a r t s  of 
t h e  Mo's. 
I n  Figure 9 the  f r a c t i o n  of t h e  MO charge assigned t o  vanadium 
This  i s  
For t h e  s i x  M O ' s  B1, A4, 
For t h e  MO's D1, C1 t h i s  v a r i a t i o n  i s  l a rge r .  
Next we need t o  determine which of t h e  above o r b i t a l s  are occu- 
p i ed .  
MO's. 
2p o r b i t a l  and one a 
vanadium ion,  a s  seen i n  Chapter VI-3. Following P a u l i ' s  p r i n c i p l e ,  two 
A t o t a l  of twenty-five e l ec t rons  need t o  be accommodated i n  t h e  
There are t h r e e  e l ec t rons  from each oxygen ion--two e l e c t r o n s  on 
G hybridized one--and seven e l e c t r o n s  from t h e  
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e l e c t r o n s  a r e  accommodated i n  each MO s t a r t i n g  from t h e  e n e r g e t i c a l l y  
lower one u n t i l  t h e  number of e l ec t rons  is  exhausted. 
The above twenty-five e lec t rons  are d iv ided  i n t o  two groups, 
twelve e l e c t r o n s  on the  oxygen 2p o r b i t a l s  and t h i r t e e n  e l e c t r o n s  on t h e  
metal and 6 oxygen o r b i t a l s .  The nonhybridized oxygen 2p o r b i t a l s  
a r e  d is t inguished  from t h e  r e s t  because they have an almost symmetrical 
o r i e n t a t i o n  wi th  r e spec t  t o  the vanadium ion  and two of t h e  neighboring 
m e t a l  i ons ,  so t h a t  t h e i r  charge can be considered as  belonging equal ly  
t o  any one of t he  c r y s t a l  regions centered a t  t h e  vanadium ion  and the 
two neighboring metal ions .  On the  o ther  hand, o the r  o r b i t a l s  a s s ign  
t h e i r  charge completely t o  t h e  region centered  a t  the  vanadium ion.  
The assumption of having twelve e l e c t r o n s  i n  2p l igand  o r b i t a l s  
o r b i t a l s  i s  compatible wi th  t h e  s i t u a t i o n  and t h i r t e e n  i n  metal o r  
t h a t  e x i s t s  a t  t h e  right-hand s ide  of F igures  5 and 9 ( i .e .  , f o r  an 
assumed vanadium charge c l o s e  to ze ro ) .  I n  f a c t ,  the s i x  o r b i t a l s  C 
6 
1, 
I”.) , and C accommodate twelve e l e c t r o n s  on 2p oxygen D1’ E3’ H3Y 2 
o r b i t a l s .  The rest a r e  placed i n  metal and 6 o r b i t a l s .  When the  
twenty-five e l e c t r o n s  a r e  exhausted, it is  seen t h a t  t he  ground-s ta te  i s  
the  A3 wi th  one unpaired e l ec t ron .  
However, on t h e  left-hand s i d e  of t he  f i g u r e s  (assumed vanadium 
charge c l o s e  t o  +.60e) t h e  s i t u a t i o n  i s  d i f f e r e n t  s ince  twelve e l e c t r o n s  
go i n t o  the f i r s t  s i x  o r b i t a l s ,  and the  next four  i n t o  C1 and D o r b i t -  
a l s .  The l a t t e r  a r e  of metal charac te r  and not of ligand 2p. The next 
o r b i t a l  A is  a l s o  of metal  character .  This r e s u l t s  from the f a c t  t h a t  
t he  metal o r b i t a l s  a r e  more s t ab le  than t h e  oxygen 2p ones i n  t h i s  
1 
3 
54 
region of t he  assumed charge.  I f  a l l  the twelve e l e c t r o n s  of t he  l igand 
2p o r b i t a l s  migrate t o  metal o r b i t a l s  only one- th i rd  of them would be 
a t t r a c t e d  t o  vanadium o r b i t a l s  and the o ther  two-thirds  i n t o  neighbor- 
ing metal  o r b i t a l s ,  provided no d r a s t i c  ene rge t i c  changes occur wi th  
respec t  t o  vanadium ones.  Therefore i n  such a case only seventeen e l e c -  
t rons  (13+1/3*12) need be accommodated. It w a s  seen t h a t  t he  lef t -hand 
p a r t  of the diagram can accommodate a t  l e a s t  e ighteen  e l e c t r o n s  before  
2p l igand o r b i t a l s  a r e  used. This implies  t h a t  only seventeen e l ec t rons  
have t o  be placed on the  l e f t ,  g iving aga in ,  A a s  the  ground s t a t e .  
The s i t u a t i o n  a t  t h e  cen te r  of the diagram i s  not c l e a r .  
3 
For tuna te ly  
the  s lopes  of the C1 and D 
c e n t e r ,  s o  t h a t  t he  ambiguity region i s  reduced apprec iab ly .  
curves  i n  Figure 9 a r e  q u i t e  s t e e p  a t  t he  1 
I n  both cases ,  the wave func t ion  f o r  the  ground s t a t e  A can be 3 
w r i t t e n  a s  a S l a t e r ' s  determinant 
The unpaired molecular o r b i t a l  A determines the t ransformation proper- 
t i e s  of the determinant.  The same r e s u l t s  hold t r u e  f o r  T i 0  :V and 
G e 0 2 : V .  
and 9 and the  fac t  t h a t  seventeen e l ec t rons  a r e  placed on t h e  MO when 
3 
2 
The net  vanadium charge can now be ca l cu la t ed  using Figures  5 
the  assumed vanadium charge is  g r e a t e r  than +.35e and twenty-five when 
it  i s  l e s s  than t . 3 0 e .  Figure 10 p l o t s  the  ca l cu la t ed  v s .  the  assumed 
vanadium charge i n  the  region 0 t o  +.65e f o r  Sn02:V. Charge se l f -con-  
s i s t e n c y  i s  shown t o  occur f o r  an assumed value of about +.27e. SlinL- 
l a r l y ,  +.26e and +.25e a r e  obtained f o r  T i 0 2 : V  and Ge02:V. Table 7 
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gives the eigenfunctions and eigenvalues f o r  Sn02:V corresponding t o  
+.25e. 
3 .  Deta i led  Charge Self-Consistency 
Usually a semiempirical c a l c u l a t i o n  s tops  when charge self-con-  
s i s t ency  i s  achieved. However, f o r  an o v e r a l l  consis tency of the  ca lcu-  
l a t i o n  the  de ta i led  e l e c t r o n  d i s t r i b u t i o n  and the  VSIP's should be 
compatible.  T h a t  i s ,  not only must the  assumed and ca l cu la t ed  ne t  
charges agree,  bu t  a l s o  the re  must be an agreement a t  the  assumed and 
ca l cu la t ed  o r b i t a l  charge d i s t r i b u t i o n  which determines the  VSIP. 
As shown i n  Figure 9 ,  a t  t he  assumed vanadium charge of +.25e 
the  s i x  G -bonding o r b i t a l s  give r ise  t o  the  e l e c t r o n i c  charge d i s -  
t r i b u t i o n  on the average a s  follows: 15% on the  c e n t r a l  metal  ion  and 
85% on the  s i x  l igand oxygen ions ,  although it was assumed a 50% d i s -  
t r i b u t i o n  when the  VSIP's w e r e  ca l cu la t ed  i n  Chapter I V - 3 .  
f o r  t he  
t i o n  on the  l igand ions  was assumed i n  c o n t r a s t  t o  the  ca l cu la t ed  d i s -  
t r i b u t i o n  which s h i f t s  roughly 35% of the e l e c t r o n i c  charge t o  the  metal  
S imi l a r ly ,  
TT - o r b i t a l s  C13 C 2 ,  D1, E3, H3, and I".>, a 100% d i s t r i b u -  
ion  f o r  t he  o r b i t a l s  C and D and 7 %  f o r  the  o r b i t a l s  E and H3. On 1 1 3 
t h e  average, 14% of the lT - o r b i t a l  charge i s  s h i f t e d  towards the  
metal  ion .  Therefore,  r e l a t i v e l y ,  t he  - o r b i t a l  VSIP's should be 
increased and the n - o r b i t a l  VSIP's decreased. 
I n  order t o  see the  e f f e c t  of such a co r rec t ion ,  t he  ca l cu la -  
t i o n s  were repeated i n  the  region from +.60e t o  +.40e by reducing t h e  
VSIP's of t h e  T - e l e c t r o n s  only.  The r e s u l t s  f o r  Sn02:V wi th  a 
57 
-1 
reduct ion  of 35000 c m  
9.  
r educ t ion  of 35 Kcm 
It i s  observed t h a t  t h e r e  is a change i n  the energy l e v e l  p o s i t i o n  of 
t h e  C , D , E , H , and 
charge d i s t r i b u t i o n .  
and 45000 cm" are shown i n  Figures 11, 12,  and 
I n  Figure 9 t he  dot ted  l i nes  r ep resen t  changes produced by t h e  T 
Charge se l f -cons is tency  occurs a t  about +.40e. -1 . 
I%$ symmetries a s  w e l l  as i n  the  e l e c t r o n i c  
Table 8 summarizes t h e  assumed e l e c t r o n i c  charge occupancy of 
t h e  6 and TT oxygen o r b i t a l s  i n  the  bonding scheme of Chapter I V  as 
w e l l  as i n  t h e  c a l c u l a t e d  one. 
TABLE 8 
ASSUMED AND CAUULATED 6' AND fl ORBITAL OCCUPANCY 
O r b i t a l  Assumed Calcula ted  
no TT VSIP reduct ion  35 K c m - l  7 VSiP red. 
G 50 % 85% 76% 
7 100% 86% 94% 
It is observed t h a t  t h e  ca lcu la ted  va lues  i n  t h e  second column o f  
Table 8 imply a co r rec t ion  t o  the VSIP c a l c u l a t e d  i n  Chapter I V .  
smaller charge of t h e  Tr o r b i t a l s  (86%) wi th  respec t  t o  t h e  assumed one 
(100%) i n d i c a t e s  a reduct ion  of the corresponding VSIP due t o  t h e  
decrease i n  the  e lec t ron-e lec t ron  r epu l s ion  energy. S imi l a r ly ,  t he  VSIP 
of the  6 o r b i t a l s  should be increased. I n  the l a s t  column t h e  
r e s u l t s  a r e  l i s t e d  when the 
The 
-1 e lec t ron  VSIP i s  reduced by 35 Kcm . 
- 61 
- 7( 
-8( 
- 1oc 
-11c 
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B2 
A 2  7 A2 B f 
D2 
A3 
V 
.60 .50 .40 .60 .50 .40 
Assumed Vanadium Charge, I e l  
Fig. 11. MO Energy Levels of S 0 :V f o r  a f l - e l ec t ron  VSIP 
Reduction of 35 Kcm-? ? l e f t )  and 45 K c m - l  ( r i g h t )  
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The charge occupancy of t he  o r b i t a l s  increases  t o  94%whi le  t h a t  of 
the  G o r b i t a l s  decreases t o  76%. These changes are i n  the  d i r e c t i o n  
t h a t  r equ i r e s  smaller reduct ion i n  the  -rr e l e c t r o n  VSIP. Therefore ,  i n  
p r i n c i p l e ,  cons is ten t  values  of  VSIP should e x i s t  w i th  r e spec t  t o  the  
occupancy of the and rg o r b i t a l s  by the  e l e c t r o n i c  charge.  The 
determinat ion of t hese  cons i s t en t  VSIP does not seem f e a s i b l e  without 
add i t iona l  information ( see  a l s o  Chapters VI-1 and VII-2). 
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CHAPTER V I  
8 AND A THE ELECTRONIC 
I n  t h i s  chapter  t h e  e l e c t r o n i c  t enso r  i s  used as a monitor 
i n s t ead  of t he  i o n i c  charge.  
a r e  s ing led  out  and compared with those found i n  Chapter V .  The hyper- 
f i n e  tensor  A provides add i t iona l  checking. 
The s o l u t i o n s  t h a t  s a t i s f y  t h e  a tenso r s  
1. The E lec t ron ic  Q Tensor as a Monitor 
6 
As s t a t e d  i n  t h e  In t roduct ion ,  t h e  purpose of t h i s  work i s  t o  
attempt an explana t ion  of t h e  observed ESR s p e c t r a  i n  t h e  r u t i l e - t y p e  
c r y s t a l s  having vanadium a s  an  impurity. I n  Chapter V-2, t h e  valence 
e l e c t r o n i c  l e v e l s  were found using se l f - cons i s t ency .  Since these  so lu-  
t i o n s  can be used t o  c a l c u € a t e  the e l e c t r o n i c  t enso r s ,  t he  next s t e p  
would be t o  compare the  experimental r e s u l t s  on the  
ca l cu la t ed  ones. However, due t o  the  approximate na ture  of t he  s e m i -  
empir ica l  methods, t h e  set of VSIP's which g ives  t h e  bes t  charge s e l f -  
cons is tency  i s  not n e c e s s a r i l y  expected t o  give t h e  bes t  f i t  f o r t h e  
t enso r .  Furthermore, i n  Chapter V-3, t he  need of changing the VSIP's 
t o  o b t a i n  d e t a i l e d  charge se l f -cons is tency  i s  pointed ou t .  
t ensors  w i th  the  8 
% 
The need of 
n - o r b i t a l  VSIP reduction was determined but not i t s  amount. I n  view 
of these  f a c t s  it i s  f e l t  t h a t  t he  experimental t enso r s  have t o  be used 
61 
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as monitors i n  s e l e c t i n g  the bes t  so lu t ions  out  of t h e  many ones found 
i n  Chapter V .  This procedure i s  followed i n  t h i s  s ec t ion .  
The experimentally found devia t ions  of  t h e  t enso r  from the  8- 
f r e e  e l e c t r o n  value a r e  given i n  Table 9 .  
TABLE 9 
EXPERIMENTAL DEVIATIONS OF TENSORS COMPONENTS FROM THE 
FREE ELECTRON VALUES FOR VANADIUM I N  Sn02, T i 0 2 ,  Ge02 
sn02 :V - .061 - .097 - .057 
Ti02:V - .085 - .087 - .044 
6eO2 :V - .079 - .079 - .037 
The theory f o r  t h e  % t enso r  when t h e  ground s t a t e  i s  a s i n g l e t  
( o r b i t a l )  has been worked out  by P r y ~ e . ~ ~  
genera l  % tensor are  given by 
The components of t h e  most 
(57) 
where 
T#o 
L' 
i s  a r e a l ,  symmetric, p o s i t i v e ,  d e f i n i t e  t enso r  and s\ 
o r b i t  coupling cons tan t .  
i s  the sp in-  
Exci ted s ta tes  are denoted by In). Using the  
63 
t ransformat ion  p rope r t i e s  of the e igenfunet ions  and t h e  opera tors  a s  
shown i n  Appendix C and r eca l l i ng  t h a t  t h e  ground s t a t e  belongs t o  t h e  
i d e n t i t y  I .R., one observes tha t :  
(a)  A l l  off-diagonal elements A-- ( i#  \ i n  t h e  r e l a t i o n  Eq. 
(57) are i d e n t i c a l l y  zero.  The reason is that  i n  Eq. (58) the  exc i t ed  
‘ b  
s t a t e  
opera tor  
\m) should belong t o  t h e  same I.R. with  t h e  corresponding 
* o r  L- f o r  a nonzero matrix element and each one of t he  b L4 LI c, , L, , L, Transforms according t o  a d i f f e r e n t  I . R .  , namely, 
D , C , and B r e spec t ive ly  (see Appendix C) e 
(b) The only nonzero diagonal matrix elements h;i occur wi th  exc i t ed  
s t a t e s  belonging t o  t h e  B , C, or D I .R. The ESR spec t r a  of vanadium i n  
SIZo2’ T i 0 2 ,  and Ge02 ,  r evea l  an e l e c t r o n i c  s p i n  of S = 1/2 .  
t h e  exc i t ed  s t a t e s  can occur i n  two ways: 
Therefore,  
I n  the expression (56) of the 
ground s t a t e s  a s  a S l a t e r  determinant e i t h e r  the o r b i t a l  A3 i s  replaced 
by one of t he  h igher  ly ing  o r b i t a l s  of symmetry B y  C ,  D o r  one of lower 
ly ing  o r b i t a l s  of symmetry B, by the A3 o r b i t a l  (see 
Figure 13) The ope ra to r s  a r e  one-electron oper- 
a t o r s ,  so t h a t  
There are two eigenfunetions of type B ,  two o f  type D ,  and t h r e e  of 
type C t h a t  must be Considered ( the  B19 B2S D1, D2,  C1, C2 and C3 of 
Table 6) a Using the following r e l a t i o n s :  
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+- 3 
E 
px I x  
6 5  
and neglecting contributions from the nonmetal parts of the orbitals 
(see Discussion) one gets: 
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r 1 
r 1 
1%; EA, E - E  A3 €3 1 1 
where a- bi , C-, 
L' 
metal p a r t s  i n  the molecular o r b i t a l s  A ,  B ,  C;, and D r e spec t ive ly ,  and 
& a r e  t h e  c o e f f i c i e n t s  of the  corresponding 
3 i s  the  one-electron sp in  o r b i t  coupling cons tan t .  The minus s i g n  
before  the  second term i n  the  f i r s t  brackets  i s  due t o  the f a c t  t h a t  t he  
charge t r a n s f e r  t r a n s i t i o n s  a f f e c t  e l ec t rons  wi th  opposi te  spin.36 
c o e f f i c i e n t s  
obtained i n  Chapter V f o r  t h e  range of t he  assumed vanadium charge +.65e 
t o  0 .  This range i s  extended t o  -.40e i n  t h i s  chapter .  The needed 
The 
and the  energy terms EA , . were , b i - - -  3 
energy mat r ix  elements i n  the  i n t e r v a l  0 t o  -.4Qe a r e  taken f rm Chapter 
IV-3 with the necessary i n t e r p o l a t i o n s .  
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The ca lcu la ted  values of Ai; a r e  p lo t t ed  i n  F i g u r e s  14, 
15, and 14 f o r  SnQ2:B, TiQ2:V, and Ce02:V respec t ive ly .  
po in t  t o  note  is  t h a t  A,, i s  always l a rge r  than A x8 
E q .  (57) one g e t s  
A s ign i f i can t  
From the  
Q - %In;; 
"ai- - ' 7  y ,  (65) 
Therefore ,  t he  ca lcu la ted  A is  always absolu te ly  l a rge r  than 
%*t 
although the  experimental r e s u l t s  (see Table 9) show the  
cbxx 
n 
oppos i te .  
range 140 c m - I  t o  250 cm'l according t o  Moore's spectroscopic  t a b l e s .  
The sp in-orb i t  parameter 3\ i s  taken a s  constant i n  the  
The r e s u l t s  so f a r  ind ica te  t h a t  none of the sets of t he  VSIP 
3 tensors a derived i n  Chapter IV can be compatible wi th  the  observed 
I n  Chapter V-3, t he  f i r s t  need fo r  a change of t he  VSIP's used w a s  seen. 
Now an add i t iona l  f a c t o r  i s  added. It i s  i n t e r e s t i n g  t o  see what 
changes i n  the  values  of the VSIP ' s  a r e  needed t o  account f o r  the  
observed $- teosor  and how these changes eompare with the  r e s u l t s  found 
i n  Chapter TI-3. 
The ca l cu la t ed  and experi-  
%r 
Consider f i r s t  
mental values  a r e  tabulated i t a  Table 10. The ca lcu la ted  values  were 
obtained by s e l e c t i r g  the points  (see arrm-s ih Figures 14, 15, and 16) 
giving t h e  bes t  agreement between experimental and ca leu la ted  values  of 
A?-- (i = x , y ) The sp ia-orb i t  eouplir?g parameter was taken 1L 
t o  be 250 cm-'- 
was not cocsidered. Fcr t h i s  problem one notes 
far 9 2  
t h a t  t he  ca l cu la t ion  of A igvolves the energy l eve l s  A 3 ,  El, and 
k2 
E 
mu 
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Fig 14. Calculated A Tensor 
Components of Sn02:V 
.25 .15 .05 -.05 -.15 -.25 -.35 -.46 
Fig .  15. Calculated Tensor 
Components of T i 0 2 : V  
+Yy 
22 A -  248 
A xx I /  I I I I I 1 t I I I I I 
.65 .55 .45 .35 .25 .15 .05 -.05 -. 15 -. 25 -.35 -.45 
Assumed Vanadium Charge, l e1  
F i g .  16.  Calculated r\ Tensor 
Components of Ge02:V A =  130 
x =  248 
3 x x  
-4 
.65 .55 .45 .35 . 25 .15 .05 -.05 -. 15 -. 25 -.35 -.45 
Assumed Vanadium Charge, l e 1  
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B (see Figure 13 ) .  These levels  remain unchanged by the  e l e c t r o n  
2 
VSIP reduct ion mentioned i n  Chapter V-3 ,  i n  con t r a s t  t o  
which involve t h e  l eve l s  Di and Ci . The l a s t  two sets of levels 
a r e  both a f f ec t ed  by the  n - e l e c t r o n  VSLP reduction. 
TABLE 10 
OBSERVED AND CALCULATED 3 TENSOR COMPONENTS OF VANADIUM 
I N  Sn02, T i 0 2 ,  AND Ge02 
obs. 
Sn02:V c a l .  
obs . 
Ti02 :V c a l .  
obs. 
Ge02:V c a l .  
1.939 
1.943 
1 .915  
1.928 
1 .921  
1.949 
1.903 
1.903 
1.913 
1.898 
1.921 
1.819 
1.943 
1.955 
1.963 
The components of A tensors  w e r e  ca lcu la ted  with a - -e lec t ron  VSIP 
reduction of 35 Kcm-'and 45 Kcm-' i n  the  i n t e r v a l  +.60e t o  +.4Oe of the  
assumed vanadium charge.  The r e s u l t s  a r e  p lo t t ed  i n  Figures  1 7 ,  18, and 
19 f o r  SnO :V, T i 0  :V, and GeO :V respec t ive ly .  The upper par t -of  each 
2 2 2 
-1 
f i g u r e  corresponds t o  the  45 Kcm reduct ion.  I n  the  case of Sn02:V 
agreement i s  achieved a t  +.40e wi th  45 Kcm-' reduct ion.  A charge s e l f -  
consis tency ca l cu la t ion  requires  a vanadium charge of +.41e (see Figure 
1 2 ) .  
reached. 
a g rea t e r  n - e l e c t r o n  VSIP reduction is  needed (10 e m - '  t o  20 Kcm-' 
more). 
Therefore, an almost exact coincidence of the two methods i s  
Similar  r e s u l t s  can be found with Ti02:V and Ge02:V,  al though 
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F i g .  1 7 .  Calculated A Tensor Components of Sn02:V-for 
a f l - e l ec t ron  VSIP Reduction of 35 Kcm 
(lower) and 45 Kcm-l (upper) 
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Assumed Vanadium Charge, I e I 
Fig .  18. Calculated A Tensor Components of Ti02:V for 
a 4 - e l e c t r o n  VSIP Reduction of 35 Kcrn-l 
(lower) and 45 Kcrn-' (upper) 
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Assumed Vanadium Charge, le1 
F i g .  19 .  Calculated A Tensor Components of G ~ O ~ : V  f o r  
a *-electron VSIP Reduction of 35 K c m - l  
(lower) and 4 5  Kcrn-l  (upper) 
7 2  
The r e s u l t  of the previous paragraph i s  t h a t  a choice of t he  
9 tt T - e l e c t r o n  VSIP can be made so  t h a t  t h e  ca l cu la t ed  value of 
i s  the  same a s  the  experimental  va lue .  Thus Table 10 i s  completed. 
Whether t h i s  choice of t he  VSIP represents  a l s o  the  c r y s t a l  r e a l i t y  and 
not j u s t  a mathematical device i s  not known. It i s  observed, though, 
t h a t  the change needed by the  % t ensor  in t h e  VSIP of 
coincides  with she s imi l a r  need of the  d e t a i l e d  charge se l f -cons is tency  
(see also Chapter VI%-2) 
T-e lec t rons  
2 ,  The Kyperfize I n t e r a e t i m  Tensor A 
The hyperfine tensor  A can a l s o  be used t o  cheek the  r e s u l t s  
found i n  Chapter V. The an i so t rop ic  p a r t  of t he  hyperf ine tensor  A 
depends on the fo rm of t he  ground s t a t e  wave func t ion ,  and the  dfscus-  
s ion  t h a t  follows i s  l imi ted  to  t h i s  s t a t e .  
The ESR spec t r a  of vanadium in Sn02$ T i B 2 ,  and 6eO2 r evea l  a 
s t rong  h y p e r f i x  i n t e r a e t i c n  of the unpaired e l e c t r o n  with the  vanadium 
nucleus.  Experimental va lues  of thy hyperf ine t e m o r  i r ?  u n i t s  of 10 
c m  a r e  giveTi i n  Table 11. Since t h e  r e l a t i v e  s i g n  of t he  hyperf ine 
tensor  C O ~ ~ Q I I E E ~ S  c a n m t  be determined, they are  assumed t3 be a l l  of 
the  same s i g n  s o  t h a t  the i s o t r o p i c  p a r t  b t c o m s  maximum. Subt rac t ion  
of the  i so t rop ic  p a r t  leads t o  t he  following components of the  an iso-  
t r o p i c  p a r t  l i s t e d  i n  Table 1 2 .  
-4 
-1 
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TABLE 11 
EXPERIMENTAL HYPERFINE TENSOR COMPONENTS OF VANADIUM 
IN Sn02, T i 0 2 ,  AM) Ge02 
Y A 
sno2:v 
T i 0 2 : V  
Ge02:V 
21 
31 
37 
44 
43 
38 
144 
142 
134 
TABLE 12 
ANISTROPIC PART OF THE HYPERFINE TENSOR COMPONENTS 
DEDUCED FROM EXPERIMENT 
Sn02:V 
Ti02 : V 
-49 -26 75 
-41 -29 70 
Ge02 :v -33 -32 65 
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En Chapter V - 2 ,  i t  was found t h a t  the  A3 l e v e l  w a s  t he  ground 
s t a t e .  I t s  form i s  given i n  Table 7 of Chapter V. I n  Appendix F the  
c o e f f i c i e n t s  of t he  metal  p a r t s  of the  A3 l e v e l  a r e  l i s t e d  f o r  the 
i n t e r v a l  +.65e t o  - .50e of the  assumed vanadium charge.  The v a r i a t i o n  
of  these coe f f i c i en t s  i s  neg l ig ib l e .  Therefore any r e s u l t  based on 
these coe f f i c i en t s  does not depend c r i t i c a l l y  on the  assumed vanadium 
charge.  For the d iscuss ion  of the  an i so t rop ic  p a r t  of the  hyperf ine 
t enso r s  only the par ts  of the ground s t a t e  wave func t ions  t h a t  conta in  
the  metal  IXs- y 2 >  and I 2 % )  s t a t e s  a r e  needed. These a r e  taken 
from Appendix F .  The vanadium charge i s  taken as +.40e because of the  
r e s u l t s  found i n  Chapter V I - 1 .  Using the r e l a t i o n  
and t h e  c o e f f i c i e n t s  i n  Appendix F ,  one g e t s  
SnO2 : v .9 12  
T i 0 2  :V 929 
G e 0 2 : V  .907 
x2-y% +.154 1 X 2 - z 5  
x2-y% +.126 I x 2 - z 5  
x2-y% +.160 l x 2 - z %  
The f i e l d  produced a t  the  cen te r  by an e l e c t r o n  i n  the o r b i t a l  
I Xz-y3 has a r e l a t i v e  s t r eng th  of 1, 1, and -2 when an ex te rna l  mag- 
n e t i c  f i e l d  i s  applied along the x ,  y, and z axes r e spec t ive ly ,  while  
f o r  the  o r b i t a l  I X - 't > i t  i s  1, - 2 ,  and 1, 
p r o b a b i l i t y  f o r  an o r b i t a l  i s  l e s s  than one, the  r e l a t i v e  s t r eng ths  have 
t o  be mul t ip l ied  by t h a t  p r o b a b i l i t y .  
a %  When the  occupat ional  
For example, t he  c o e f f i c i e n t  of 
the  I X x %  - y > s t a t e  of SnQ2:V i s  .912 i n  E q .  (67) e t he  occupat ional  
t 
I 
I 
8 
1 
I 
I 
8 
1 
I 
I 
8 
1 
I 
I 
I 
I 
1 
I 
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probabi l i ty  i s  ( . 9 1 2 I 2 Z  .82 and the  f i e l d  produced a t  the nucleus w i l l  
be proportional t o  .82, .82,  and -1.64. I n  t h i s  way, one ge t s  from Eqs. 
(67) the  following r e l a t i v e  s t rengths  of the magnetic f i e l d  and tkerefore  
of t he  hyperfine in te rac t ion .  
TABLE 13 
CALCULATED RELATIVE STRENGlTH OF THE MAGNETIC FIELD 
AT THE VANADIUM NUCLEUS DUE TO TBE 
GRI)uM) STATE ELECTRONIC CHARGE 
_ _ _ _ ~  
X Y z 
Sn02:V .820 
- .052 
-1.640 
.026 
To ta l  .846 ,768 -1.636 
Ti02 :V 
Ge02:v 
.881 
.854 
.833 
.782 
-1.714 
-1.636 
a-is Normalizing them t o  the A of Table 11 one ge t s  the r e s u l t s  i n  
Table 14. 
z 
TABLE 14 
CALCULATED ANISOTROPIC PART OF THE HYPERFINE 
TENSORS NORMALIZED TO A 2 T L s  
Sn02 : V -39 -36 75 
Ti02:V -36 -34 70 
Geo2:v -34 -31 65 
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The agreement with t h e  experimental  da ta  of Table 11 i s  good. For 
a4 
Sn02:V and T i02 :V ,  i t  i s  noted t h a t  a g r e a t e r  con t r ibu t ion  of the l2 )  
s t a t e  i s  required than ind ica ted  by the c o e f f i c i e n t s  i n  Appendix F .  
I 
I 
CHAPTER V I 1  
DISCUSSION AND CONCLUSIONS 
I n  conclusion, a summary of the  obtained r e s u l t s  i s  presented 
with some addi t iona l  discussion. 
1. Summary of Resu l t s  
The main r e s u l t s  found i n  t h i s  work 
(a) The ground s t a t e  i s  found t o  be 
a re  : 
A3, which is  mainly X- y % t  
5 a s  Kasai4 and From, Kikucht, and Dorain 
small admixture of 
These admixtures a r e  caused by the  rhombic component of the c r y s t a l l i n e  
f i e l d .  I n  a te t ragonal  o r  ax ia l  f i e l d  t h i s  admixture would be symnetry 
forbidden. As evident from Appendix F, the  admixture coe f f i c i en t s  a r e  
r e l a t i v e l y  constant over a wide region of the assumed vanadium charge 
from +.65 t o  - . 5 0 .  The r e l a t i v e l y  lower admixture of the  & s t a t e  i n  
T i 0 2  can be a t t r i b u t e d  t o  the  smaller rhombicity t h a t  t h i s  c r y s t a l  pre- 
s en t s  with respect  t o  the other two. 
indicated e a r l i e r ,  bu t  with a 
2% and an even smaller admixture of 4s o r b i t a l .  
b 
(b) The ordering of the  l eve l s  involved i n  the  % tensor  i s  
2 2  2 found invar iab ly  t o  be Bl(xy) , C,(xz> , D1(yZ) , A3(x -y 
C3(xz), B2(xy) i n  increasing energy 
The leve ls  D 
, D (Yz) 
42 (see Figures 5, 6 ,  7 ,  8 ,  and 11). 
and B above the  ground l eve l  A3(x 2 2  -y ) correspond t o  
2’ c3’ 2 
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the  l e v e l s  of  the c r y s t a l  f i e l d  theory.  
below C ~ ( X Z )  whereas the  simple c r y s t a l  f i e l d  theory p r e d i c t s  t h e  
reverse  order .  The formulas (62) ,  (63) ,  and (64) der ived i n  Chapter 
V I - 1  show t h e  importance of the  
It i s  observed t h a t  D2(yz) i s  
2% admixture i n  c a l c u l a t i n g  the  
a values .  For example, i n  Sn02:V the  r e l a t i v e  importance of ad- 
%ii 
mixture i s  given by the  f r a c t i o n  
R This  f r a c t i o n  shows t h a t  the admixture of -.I3313 > 
s t a t e  introduces a f a c t o r  of 2.5 i n  the  value of A, 
i n  the  ground 
wi th  respec t  t o  
6 Y Y  A . The numerical values  of t he  c o e f f i c i e n t s  a r e  taken from 
%k 
Appendix F .  
of t he  s t a t e  It”, 
(Note t h a t  t h i s  admixture g ives  an  occupat ional  p r o b a b i l i t y  
of l e s s  than  2%.) 
2 x, (c)  The s m a l l  admixture of func t ion  i s  important a l s o  i n  
explaining the  f ea tu res  of t he  an i so t rop ic  p a r t  of t he  hyperf ine t enso r  
components. 
(d) Although a t e t r agona l  symmetry implies  a 7 t enso r  of a x i a l  
symmetry, the  converse i s  not always t r u e .  The same order ing  of l e v e l s  
can be compatible wi th  very d i f f e r e n t  
and T i 0 2 : V .  
(e) I n  a h e u r i s t i c  way, assuming a ground s t a t e  of t he  form 
t enso r s ,  a s  found i n  Sn02:V 
- O(l .“,+pIX%-)/‘> , the  c o e f f i c i e n t s  o< and t h a t  s a t i s f y  
the  an i so t rop ic  par ts  of the  hyperf ine tensor  a r e  found t o  be: 
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2 2  
x 'Y ? 
2 2  
x -Y > 
2 2  
x -y > 
f o r  Sn02:V 
f o r  Ti02:V 
f o r  Ge02:V 
( f )  Using the above ground s t a t e s  anc. neg,ecting the  e f f e c t s  of 
any charge t r a n s f e r  t r a n s i t i o n  and of any admixture of l igand  func t ions  
i n  the  exc i t ed  s t a t e s  D2(yz), C3(xz), and B2(xy), t h e  following sequences 
of l e v e l s  s a t i s f y  t h e  observed sr tensors - 
SnO2:V Ti02:V Ge02:V 
42400cm-' 
107 OOcm- 
1895cm-I 
0 
53200~rn-~  
8160cm-' 
4550cm-I 
0 
For t h e  sake of comparison, the  c a l c u l a t e d  l e v e l s  of Sn02:V a r e  given 
below when a reduct ion  of t h e  
a r e  used (see Chapter V I - 1 )  
- e l ec t ron  VSIP of 35 K c m - l  and 45 Kcm-l 
Reduction i n  --Electron VSIP 
35  K c m - l  45 Kcm-l 
24202 
7 599 
5315 
0 
24202 
67 67 
4662 
0 
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(g) F ina l ly ,  the d iscuss ion  i n  the  next  s e c t i o n  shows t h a t  t he  
l igand p a r t s  of the MO, which were neglected i n  the  c a l c u l a t i o n  of  the  
i n  Chapter VI-1, may have absolu te  con t r ibu t ions  of from 5% up 8;i 
t o  25%. 
2 .  ' Discussion 
The freedom i n  choosing the  VSIP of t h e  < -e l ec t rons  independ- 
e n t l y  from t h e  G; -e lec t rons  i s  enough t o  b r ing  t h e  va lues  i n  the  r i g h t  
region although t h e  necessary reduct ion  i n  the  above VSIP i s  found t o  be 
somewhat l a rge .  Fur ther  s tudy of t h i s  matter i s  d e s i r a b l e .  For the  
moment one can  observe t h a t  even wi th in  t h e  framework of t h i s  ca l cu la -  
t i o n  a smaller reduction of  t he  <-electron VSIP i s  r e a l l y  needed. 
The values are due t o  the  i n t e r p l a y  of t he  sp in -o rb i t  coupling 
%i 
and t h e  o r b i t a l  Zeernan pe r tu rba t ions .  
I n  formula (58) one of the  mat r ix  elements i s  due t o  1 Le $ and 
- c  
the  o the r  t o  Y *  L Due t o  1/r3 dependence of the  S - 0 coupling - - 
parameter, only metal-metal and l igand-l igand terms need be kept i n  the 
f i r s t  matr ix  element. I n  the  second matr ix  element,  though, the  metal- 
l igand t e r m s  may become appreciable  depending on the  overlapping of 
m e t a l  and l igand func t ions .  Since t h e  A level c o n s i s t s  almost exclu-  
s i v e l y  of metal func t ions ,  no co r rec t ion  i s  needed i n  the  S - 0 matr ix  
37 
3 
elements 
The cor rec t ion  due t o  the  o r b i t a l  Zeeman term amounts i n  sub- 
s t  i t u t  ing 
8 
8 
I 
8 
8 
I 
I 
1 
I 
M 
I 
I 
I 
I 
I 
I 
I 
I 
I 
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x, 
f o r  b; 
i n  formulas (62) , (63) , and (64) r e s p e c t i v e l y ,  where the  o r b i t a l s  
( s ee  Appendix I ) .  
Since the  c o e f f i c i e n t s  b2, c3, and d2 of t he  corresponding a n t i -  
bonding o r b i t a l s  a r e  nega t ive ,  a r educ t ion  i s  implied i n  t h e  c a l c u l a t e d  
va lues  of Ai; by using the  Eqs. (62) , (63) , and (64 ) .  S imi l a r ly ,  the 
p o s i t i v e  c o e f f i c i e n t s  bl, c l ,  and dl of t h e  bonding o r b i t a l s  imply a l s o  a 
reduct ion  i n  t h e  va lues  of A; . A numerical c a l c u l a t i o n  g ives  the  
8 2  
7 
reduct ions of  nii 5 l i s t e d  i n  Table 15, when the  assumed vanadium 
charge of +.40e and t h e  
used. 
4 - e l e c t r o n  VSIP reduct ion  of 35 Kcm- l  are  
TABLE 15 
REDUCTION I N  VALUES DUE TO LIGAND ORBITAL PARTS 
AT +.40e ASSUMED VANADIUM CHARGE AND 35 Kcm’l 
7-ELECTRON VSIP REDUCTION 
Sn02:V T i 0 2 : V  Ge02:V 
4.5% 
5.5% 
25.0% 
6.0% 
8.5% 
45.0% 
8.5% 
10.5% 
47.5% 
From Table 15 one observes t h a t  t he  inc lus ion  of t he  l igand  p a r t  
has t h e  g rea t e s t  e f f e c t  on A,, . I n  Chapter V I - 1  t h e  reduct ion  of t h e  
T - e l e c t r o n  VSIP w a s  used f o r  the  purpose of reducing A . Now a 
&* 
more c a r e f u l  ca l cu la t ion  of t h e  o r b i t a l  Zeeman matr ix  elements w i th  t h e  
inc lus ion  of the l igand  p a r t  shows t h a t  t h e  requi red  --electron VSIP 
reduct ion  i s  less  by about 10 Kcm t o  20 Kcm than t h e  o r i g i n a l  es t i -  
-1 -1 
mate. However, Table 15 i s  somewhat misleading f o r  t h e  following 
A wi th  reason.  The much g r e a t e r  percentage i n  t h e  reduct ion  of t h e  
respec t  t o  t h e  and A i s  p a r t l y  due t o  t h e  g r e a t e r  cont r ibu-  
t i o n  of t he  charge t r a n s f e r  process .  The l a t t e r  poin t  i s  made clear i n  
i!& 
xx YY 
Table 16 where the con t r ibu t ions  from c r y s t a l  f i e l d  and charge t r a n s f e r  
t r a n s i t i o n s  a r e  shown. I f  one decides t o  consider  the  reduct ions i n  the  
83 
7 
11 
A-- 5 due t o  the l igand o r b i t a l  p a r t ,  then the  ca l cu la t ed  va lues  of 
the A--’s become too small t o  f i t  t h e  observed A%;)s. Thus a 
L L  
poin t  corresponding t o  a smaller vanadium charge than  the  .40e i s  
needed, according t o  F igures  14, 15, and 16, f o r  such a poin t  t h e  charge 
t r a n s f e r  con t r ibu t ion  t o  A s2 becomes much smaller than  the  value 
l i s t e d  i n  Table 16. A rough es t imate  g ives  18%, 22%, and 25% f o r  t he  
l a s t  row of Table 15. 
TABLE 16 
CRYSTAL FIELD AND CHARGE TRANSFER CONTRIBUTIONS TO THE 
A TENSOR COMPONENTS IN sno2:v IN UNITS OF ~ o - ~ c ,  
( . 40e  METAL CHARGE AND 35 Kcm-’ REDUCTION I N  
-ELECTRON VSIP) 
C r y s t a l  f i e l d  
Charge t r a n s f e r  
10.014 
- .170 
17.797 
- .538 
13.853 
-2.529 
T o t a l  9.844 17.529 11.325 
This  t h e s i s  has been concerned wi th  the p r o p e r t i e s  of vanadium 
5-t H 
2 i n  SnO T i 0 2 ,  and GeO Recent ESR s p e c t r a  of Mo and W i n  T i 0  2’ 2’ 
44 
have been repor ted .  Comments on these  experimental r e s u l t s  a r e  given 
i n  Appendix K.  
APPEhqIX A 
GENERAL THEORY 
The Hamiltonian f o r  a system of k nuc le i  and N e l e c t r o n s  i s  
R 
H = s  [ 
i 
.N 
- &  
L 
To t h i s  Hamiltonian one should have added t e r m s  depending on the  elec- 
t r o n  sp in ,  t h s  nuclear sp in ,  quadrupole moments, e t c . ,  but due t o  t h e i r  
smallness i r c  comparison wi th  H they  a r e  neglected.  Thus the  H a m i l -  
ton ian  H i n  E q .  (A-1 )  i s  sp in  independent. 
The Schr;dinger equat ion f o r  a s t a t i o n a r y  s ta te  i s  
7 
The Born-Oppenheimer approximation s i m p l i f i e s  Eq. ( A - 2 )  t o  
N 
r:/ 
L L  
\J 
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(A-3 )  
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Equation (A-3)  fs simplified to 
( A - 4 )  
by using the definition 
04-51 
Unfortunately, only approximate numerical solutions of Eq. ( A - 4 )  can be 
obtained by the use of high speed computers in the very simple cases of 
small molecules. 
electron-electron interactions. 
The difficulty comes from the last term giving the 
The Electron-Independent Model. 
The simplest (and crudest) approximation in solving Eq. ( A - 4 )  is 
to neglect completely the electron-electron interaction, i.e. , to solve 
the e quat ion: 
As  the Hamiltonian is a sum of one-electron operators, the solutions of 
Eq. ( A - 6 )  are of the form of product functions: 
( A - 7 )  
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where the  @ ' 5  a r e  so lu t ions  of t he  equat ion 
(A-8)  
A wave funct ion @,(i) which depends on the s p a t i a l  coord ina tes  of one 
e l e c t r o n  only i s  genera l ly  c a l l e d  an o r b i t a l .  I f  the  one-electron wave 
func t ion  depends on the  s p a t i a l  and s p i n  coord ina tes  i t  i s  c a l l e d  a 
s p i n - o r b i t a l .  When t h e  Hamiltonian i s  independent of s p i n ,  a spin-  
o r b i t a l  i s  a product of an o r b i t a l  and a sp in  func t ion  l i k e  
kl 
Thus, every product func t ion  of the form (A-7)  can produce % prod- 
uc t  func t ions ,  i f  sp in  is included.  However, not a l l  of them a r e  
necessa r i ly  poss ib le ,  on account of the  P a u l i ' s  p r i n c i p l e  and the  i n d i s -  
t i n g u i s h a b i l i t y  of t he  e l e c t r o n s ,  which are both s a t i s f i e d  i f  a product 
func t ion  l i k e  
i s  replaced by the normalized S l a t e r  determinant,  which w i l l  be abbre- 
v i a t e d  usua l ly  a s  
( A - 1 0 )  
S e l f - c a m i s t e n t  (SCP) 
The previous approximation, i n  neglect ing the e lec t ron-e lec t ron  
i n t e r a c t i o n  term, brought a grea t  s impl i f i ca t ion  of the problem, but one 
does not expect t o  get anything l i ke  the t r u e  energy eigenfunct ions and 
e igenva lues  - 
I n  the SCF approximation, each e l ec t ron  i s  considered t o  move i n  
a f ixed e f f e c t i v e  e l e c t r i c  f i e l d  which i s  obtained by averaging m e r  the  
pos i t i ocs  of a l l  t h e  o the r  e l ec t rons ,  i n  addi t ion  t o  the  f i e l d  produced 
by the  nuc le i .  Therefore, each electroz i s  expected t o  be described by 
an o r b i t a l  (or  a sp in-orb i ta l )  and t h e  Hamiltonian becomes again a sum 
of one-electron operators  with product funct ions a s  so lu t ions  of t h e  
Schrodinger’s equation. Using a t r i a l  funct ion of the  form: 
(A-11) 
and applying the  v a r i a t i o n a l  p r i n c i p l e  t o  rcinimize 
(A-12)  
8 
where H i s  the Har i l ton ian  in Eq. (A -4 )  one gets  the following N 
S a r t r e e  equa t iom:  
B 
2 -  esI b
y”- - 
L A  
- t. 4. (1) (A-13)  
C L  4 
I f ,  ins tead  of a product funct ion,  a S l a t e r  determinant l i k e  Eq. (A-10) 
i s  used one gets’ the  foblotsing N Hartree-Foek equations: 
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i' II (A- 14) 
The term se l f -cons is ten t  f i e l d  i s  appropriate  s ince  each @i 
on every @ i O  and whichever o r b i t a l  @i 
a s  a s o l u t i o n  of the  Schrodinger equation i n  which the  p o t e n t i a l  energy 
depends 
one chooses, i t  must come 
due t o  a l l  the other o r b i t a l s  has been ca l cu la t ed  by means of the 
a t ' s  . 
The se l f -cons is ten t  o r b i t a l s  a r e  obtained by i t e r a t i o n s .  I n  
general ,  the  r e s u l t s  of SCF ca lcu la t ions  a r e  good but the  ca l cu la t ions  
a r e  q u i t e  complicated and lengthy, and the  wave func t ions  a r e  expressed 
i n  a numerical t ab le  o r  a t  bes t  a s  sums of many a n a l y t i c a l  funct ions.  
A t  oms a 
I f  there  i s  only one nucleus,  i . e . ,  k = 1, and the  p o t e n t i a l  
i'fI i 
i s ,  i f  necessary,  averaged (approximation) over a l l  d i r e c t i o n s  so a s  t o  
be always spher ica l ly  symmetric, then  the  Hamiltonian of the  Hartree 
r 
I 
1 
I 
I 
1 
I 
D 
1 
I 
I 
8 
1 
1 
I 
1 
I 
I 
I 
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equations (A-13) becomes s p h e r i c a l l y  symmetric and the  s o l u t i o n s  can be 
expressed8 a s  hydrogen-like o r b i t a l s .  
I 
I 
I 
1 
I 
I 
I 
I 
I 
I 
I 
I 
1 
I 
I 
8 
I 
I 
I 
- 
(A-15) 
10 
This i s  i n  agreement with an empir ica l  method t h a t  S l a t e r  had suggested 
e a r l i e r  
Molecules (Complexes, So l ids ) .  
m Ihe presence of many nuclei does not allow s p h e r i c a l  symmetry 
(even approximately) and the  problem of solving Eq. (A-13)  o r  Eq. 
(A-14) becomes extremely d i f f i c u l t .  
SCF-molecular o r b i t a l s  (SCF-MO) been obtained. l2 
is  widely used in "small molecules" l ike €E, H2, CH, CH2 . . . is t o  
consider a l i n e a r  combinatior! of atomic o r b i t a l s  cen tered  on the  n u c l e i  
of t he  molecule ( the  term "molecule" w i l l  be used c o l l e c t i v e l y  f o r  
molecules, complexes and so l id s )  i . e . ,  
Only f o r  t h e  hydrogen molecule have 
An approximation t h a t  
(A-16) 
See Refs,  13 t o  19 .  
Semiempirical Methods. 
The r e s u l t  of t h e  Hartree SGF aethod w a s  t o  change t h e  H a m i l -  
ton ian  of Eq. (A-4) in to  a sum of one-electron ope ra to r s  of the form: 
90 
The l a s t  sum of i n t e g r a l s  i s  the  opera tor  whose expected value expresses  
the  Coulombs p o t e n t i a l  energy of t he  i - t h  e l e c t r o n  ( s t r i c t l y  speaking of 
an e l e c t r o n  i n  the  i - t h  o r b i t a l )  due t o  the  average f i e l d  of t he  rest of 
t he  e l e c t r o n s ,  and i t  i s  d i f f e r e n t  f o r  d i f f e r e n t  o r b i t a l s .  
two o r b i t a l s  are  approximately i n  the  same r e l a t i v e  pos i t i on  with res- 
pect  t o  the  o thers ,  one a n t i c i p a t e s  almost t he  same expec ta t ion  va lues .  
This  idea i s  r e f l e c t e d ,  a l s o ,  i n  t he  S l a t e r ' s  r u l e s  which give t h e  same 
However, i f  
screening constant 
of complex molecules i s  c e r t a i n l y  more involved a s  there  i s  no - sphe r i ca l  
f o r  a l l  t he  o r b i t a l s  of t he  same group. The case 
symmetry i n  the Hamiltonian. As a more complex s i t u a t i o n  needs more 
d r a s t i c  measures, the  following assumptions a re  made: 
(a) Electrons a r e  divided i n t o  core  and valence e l e c t r o n s .  
(b) Core e lec t rons  form closed s h e l l s  t h a t  a f f e c t  the..motion of t he  
valence e lec t rons  only through the  screening of  t he  corresponding n u c l e i .  
(c) Each of t he  valence e l ec t rons  moves on an o r b i t a l  
(A-18) 
where z? i s  the  e f f e c t i v e  charge of the  - t h  nucleus and 
v(rp) 
t o  the r e s t  of the e l ec t rons .  
b a 
i s  the average p o t e n t i a l  energy of  t he  valence e l e c t r o n  due 
(d) The function v(f) i s  the  same f o r  a l l  valence e l ec t rons  even 
i f  they occupy orb i ta l s  corresponding t o  a n  exc i t ed  s t a t e  of the  group 
of valence e l ec t rons .  
91 
but 
t h e  
can 
(e) 2 ; ' s  and v(1) a r e  not t o  be used e x p l i c i t l y .  
H Suppose t h a t  one knows the  and l e t  \vi\ be a complete, 
not necessa r i ly  orthogonal, set of one-electron func t ions  t h a t  obey 
t% 
same mathematical r e s t r i c t i o n s  as t h e  valence o r b i t a l s .  
always expand QV i n  an i n f i n i t e  series: 
Then one 
S u b s t i t u t i n g  i n  
and mul t ip ly ing  
ing  one g e t s  an 
i=l 
Since the re  are 
Eq. (A-18) 
(A- 19) 
(A-20) 
and i n t e g r a t -  on t h e  l e f t  by 
i n f i n i t e  number of -equations: - 
(A-21) -I 
mathematical and p r a c t i c a l  d i f f i c u l t i e s  i n  dea l ing  wi th  
an i n f i n i t e  number of equations,  one gene ra l ly  restricts t h e  expansion 
(A-19) t o  a small number of func t ions  6. hoping t h a t  wi th  the  
I L  ' 5 and t h e  b e s t  c o e f f i c i e n t s  c; ? S t h e  
vi 
proper s e l e c t i o n  of 
approximation 
(A-22) 
r e s t s  on i n t u i -  e;' w i l l  be adequate. 
t i o n  and experience,  but t h e  best  c o e f f i c i e n t s  C.'s a r e  determined 
The s e l e c t i o n  of t h e  proper 
L 
92 
r igorous ly  by the v a r i a t i o n a l  method, i . e . ,  one minimizes 
L 
Thus (see Appendix B ) ,  t he  following s e c u l a r  equat ions and 
secu la r  determinants a r e  obtained: 
(A-23) 
where by d e f i n i t i o n  
i,%= 1 , a - - -  w (A-25) 
jt 
Since the  Hamiltonian operator  i s  hermi t ian  k I L i  H i i  and 
s a r e  r e a l ,  a s  i s  almost always 
t o  be 
* 
vi 
H- -  '= Hit ; i f  t he  func t ions  
the c a s e ,  then Hig = y,; e A s  f o r  t he  set  of o r b i t a l s  
used, genera l ly ,  atomic o r b i t a l s  cen tered  a t  t he  d i f f e r e n t  nuc le i  a r e  
se l ec t ed  so  that  (p,= 5 c; vi 
o r b i t a l s  (LCAO) The se l ec t ed  atomic o r b i t a l s  are  the  e n e r g e t i c a l l y  
lower valence o r b i t a l s  a s  the  atoms-in-molecules method impl ies .  A t  
L b  
qi 
rn 
i s  a l i n e a r  combination of atomic 
14 
an i n f i n i t e  separat ion of the  nuc le i ,  t he  valence e l ec t rons  are r i g o r -  
ously on atomic o r b i t a l s .  However, a t  a smaller  separa t ion  of t he  
nuc le i  t h e  LCAO i s  o n l y  an approximation. 
APPENDIX B 
APPLICATION OF THE VARIATION METHID TO LINEAR FUNCTIONS 
Substituting relation (A-22)  i n t o  (A-23)  and using definitions 
(A-26)  17 
Normalization of 9) requires that 
Bringing the denominator on the left side and differentiating with res- 
pect to 
3E 
C, , OF-e gets 
For a minimum in energy, necessarily 
QE = O  
Therefore 
03-41 
93 
94 
r7\ or 
Or n 
For a nontrivial solution, necessarily 
7 The coefficients e. 5 are determined by solving the equations: 
L 
for the ratios - ci and then using the normalization condition ( A - 2 ) .  
f l  
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APPENDIX C 
GROUP CHARACTER TABLE FOR THE SINGLE-VALUED 
IRREDUCIBLE REPRESENTATIONS 
95 
APPENDIX D 
TWO-CENTER OVERLAP INTEGRALS 
The two-center overlap i n t e g r a l s  a r e  c a l c u l a t e d  using the  f o l -  
96 
97 
O f m d f u n c t i o n  i s  given wi th  a 
7 nP t i m e s  the  r a d i a l  p a r t  of an 37s 
smaller  exponeot a s  i n  (38) or  a s  a sum of func t ions  of d i f f e r e n t  expo- 
nents  a s  i n  (44) .  I n  such a case one should be c a r e f u l  t o  look for the  
proper p r i n c i p a l  quantum number. For example, the  computed expression 
i n  the  t ex t  w i l l  appear a s  i n  the  
t a b l e s  s ince  the  r a d i a l  p a r t  of 
=NP' e -p and not  a s  
the  two-center i n t e g r a l s  a r e  given below. 
Ki 
K- b 
L l ' i  
sno2 :v 
D 109 
108 
Ti02:V Ge02  : V 
.128 .146 
s 120 132 
- D 002 - .002 - .003 
98 
L1- d 
L2i 
L2 - 
M l i  
M 1 -  
d 
b 
M 2  i 
M26 
n -  
1 
N -  
b 
O i  
Ob 
P1; 
pli  
P2 i 
R2 - 
1 
R2 - 
8 
SnO2 : V 
- .002 
.403 
.402 
- .002 
- .002 
.265 
264 
.113 
.113 
.071 
.070 
- .004 
- .004 
. 1 7 8  
.179 
- .005 
- .005 
.156 
.156 
- .001 
- .001 
.162 
161 
T i 0 2  :V 
- .002 
.429 
.419 
- .002 
- .002 
.286 
.277  
.124 
.120 
.086 
.080 
- .005 
- .004 
.170 
.174 
- ,006 
- .005 
,157 
.158 
- .001 
- .001 
.181 
173 
Ge02 : V 
- .002 
.450 
.434 
- .003 
- ,002 
.304 
.290 
.131 
.125 
.101 
,089 
- .006 
- .005 
.159 
.168 
- .007 
- .006 
.159 
.159 
- .001 
- .001 
.198 
.184 
APPEhVhX E 
EhtRGY ELGEF3ALUES IN Kern-' FOR Sn02:V 
.65 .55 45 D 35 .30 .20 .10 .oo 
99 
100 
ENERGY EIGENVALUES IN Kcm-l FOR Ti02 :V 
0 65 * 55 * 45 * 35 .30 e 20 10 . 00 
-74.5H3 
-76. E2 
-99, A3 
-101 5D1 
-102.5Cl 
139 5E3 
99 5A3 
-8. Z2 
-8.5H2 
-59. B2 
-61  5A2 
-65. c3 
-75. c2 
-68. D2 
-75. 
-79, H3 
-80. 5E2 
-91. A3 
-95. D1 
-96.561 
-69 5D2 
-80. C 2  
-80. 
-83. H3 
-84 5E2 
-84 5A3 
-92. D1 
-94. e1 
-115. 5H1 
114. E3 
88. A5 
-6. 522 
-67 5D2 
-75. A3 
-88. (22 
-88. 
-90, H3 
-91. E2 
-93. D1 
-94 5C1 
-121.5H1 
-122 .5z1 
-125. B 1  
-129, A4 
-181. E1 
-184. A1 
101. E3 
82. A5 
-6. Z2 
-6 a 5H2 
-50. B2 
-50. A2 
-61.. c3 
-69. A3 
-93.5 
-94 5H3 
87. .E3 
75.5A5 
-5. z2 
- 5. 5H2 
-45. 5A2 
-46. B2 
-56.5C3 
-58 5D2 
- 6 2 .  5A3 
-99. c2 
-99. 
-99. 5H3 
-95.532 -100. E2 
-96. D1 -100.5D1 
-97. c 1  -101. el 
-126.5H1 -132. R 1  
-127. Z1 -132. Z1 
-129.5B1 -134SB1 
4 
-132. A4 -13€. A 
-188. E1 -195.5A1 
10 1 
ENERGY EIGENVALUES I N  Kcne-' FOR Ge02:V 
.65 .55 .45 .35 .30 .20 .10 . 00 
~ 
176. E3 
137 . SA4 
.5z2 
5.5H2 
-56 a 5E.2 
-60. 5A5 
-57.5c3 
-59.5D2 
-65. 5c2 
-65.5 
-71.  H3  
-73. E2 
-107. A3 
-109. D 1  
-109.5c1 
-115. H i  
-118 .5Z1 
-125.5B1 
-129 .5A2 
-160. E 1  
- 166. 5A1 
135.5A4 130.5A4 125. A4 122.5A4 116. A4 108.5A4 99.5A4 
.5z2 ,522 . 5z2 .5z2 . 5z2 .5z2 . 5z2 
-4. H2 -5. H2 -4.5H2 -4.5H2 -4. H2 -4. H2 -3.332 
-56.5B2 -54.5B2 -53. E2 -52. B2 -49.582 -45.5A5 -41.585 
-59. A5 -56. A5 -53.5A5 -52. A5 -49. A5 -46. B2 -42.5B2 
-60.X3 -63. C3 -64. C3 -64. C3 - h 2 . X 3  -59. C3 -55. C3 
-6205D2 -65.5D2 -67. D 2  -67. D2 -65. D2 -61. D2 -56.5D2 
-70. C2  -75. C 2  -80. C 2  -81.5A3 -75. A3 -69. A3 -62.5A3 
-70. -75. -80. -82.SC2 -88. C2 -93.SC2 -99. C2  
-77. E2 -79.5H3 -83.5H3 -82.5 -88. -93.5 -99. 
-90. H3 -81. E2 -84.5A3 -85.5H3 -90. H3 -95. H3  -99.5H3 
-99. A3 -91. A 3  -85. E2 -87 .  E2  -91.5E2 -95.5E2 -100. E2 
-1O2.5D1 -96.5D1 -93.5D1 -93. D 1  -94. D 1  -97. D 1  -101. D 1  
-103. C 1  - 9 7 . x 1  -95. C 1  -94.561 -95.5C1 -98. C 1  -101.561 
-119.521 -116.5H1 -118.5H1 -12O.5H1 -125. H 1  -129.5Hl -135.B1 
-125. B1 -119. Z1 -12O.5Z1 -122.5Z1 -126. Z y  -130. Z 1  -135.521 
-124. B 1  -122. B1 -124. B 1  -125.531 -129. B 1  -133. B 1  -138. B 1  
-129-5A2 -128. A2 -129. A2 -130.5A2 -133. A2 -136. A2 -139.5A2 
-162. El -164. E 1  -167. El -169.5E1 -174.5E1 -181. El  -189. A 1  
-168. Ai -169. A 1  -172. A1 -174. A 1  -178. A 1  -183. A 1  -189. E 1  
APPENDIX F 
VARIATION OF THE Z'AND 4s ADMIXTURE IN THE GROUND STATE 
SnO2:V T i 0 2 : V  Ge02 : V  
5 65 
0 55 
r 45 
0 35 
.30 
D 20 
0 10 
0 00 
- D 10 
-.20 
- .30 
- -40 
-.50 
, 0 7 3  - .139 
.071 -.135 
-069 -.133 
.068 - .132  
-068 -.132 
.067 -.131 
.067 -.130 
.066 -.130 
.065 -.130 
.065 - .129  
-064 -.129 
.064 - . 1 2 8  
-063 - .128  
986 
988 
989 
.989 
.989 
989 
989 
.989 
e 989 
989 
* 990 
v 990 
m 990 
e 068 
.059 
a 058 
a 057 
.057 
.056 
056 
.055 
-055 
D 0 54 
-054 
053 
-053 
-. 114 
-. 110 
- . lo8 
- . lo8 
- . lo7  
- 0 106 
-. 106 
- 0 105 
- 105 
- 105 
- 104 
- 104 
- . lo3  
.992 
992 
.992 
.992 
.993 
0 993 
D 993 
.993  
.993 
0 993 
m 993 
,993 
.993 
082 
.078 
07% 
.076 
.076 
.075 
D 749 
.074 
,074 
.073 
.073 
.072 
.072 
- .140 
- 136 
- 135 
- 134 
- .134 
- 133 
- a 133 
- .132 
-. 132 
- -  132 
- a  131 
- 131 
- .130 
987 
e 987 
a 988 
988 
.988 
988 
.988 
e 988 
.988 
e 989 
989 
989 
e 989 
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APPENDIX G 
POINT CHARGE CRYSTALLINE FIELD CALCULATION OF THE 
ELECTRONIC LEVELS O F  Sn02:V 
Using Watson's r a d i a l  funct ions the following s p l i t t i n g  of the 
nea res t  3d vanadium e lec t ron ic  l eve l s  i s  obtained.  The number of the  
neares t  ions ,  which have been considered i n  each case ,  i s  w r i t t e n  i n  
parentheses .  
c l o s e s t  t o  r e a l i t y  because the corresponding t o t a l  charge of the  com- 
p lex  is  zero. 
The cases  wi th  8 and 32 neares t  ions a r e  considered 
103 
4 
3 
2 
I 
I 
E 
0 
n 0 
0 - 
W z 
w 
z2 -
XY - 
xz 
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Appendix G Table 
z2 - z2 -
Z2  -
X Y  - X Y  -
X Y  
X Z  
- 
Y Z  
X Y  
X Y  -
X Z  xz - 
-2 
-3 
--L 
xz 
Y Z  -
(20) (24) (32) 
APPENDIX H 
VALENCE STATE, VALENCE STATE IONIZATION POTENTIAL 
(VSIP), VALENCY AND PROMOTION ENERGY 
A s impl i f i ed  discussion of the water molecule i s  given t o  
c l a r i f y  the  above ideas .  
The ground configurat ion of oxygen is  
and i t  i s  a 3p with  the two unpaired e l ec t rons  having p a r a l l e l  sp ins .  
The ion iza t ion  energy28 is  109836.7 cm-'( 13.614 eV) . The water molecule 
i s  formed by pa i r ing  each of these  two e l ec t rons  wi th  the  e l ec t rons  of 
the  two hydrogen atoms (neglect  hybr id i za t ion ) .  The two oxygen e l e c -  
t r o n s  a r e  randomly o r i e n t e d w i t h  respec t  t o  each o t h e r .  I f  by some 
imaginary process one could remove the  hydrogen atoms and s t i l l  keep 
the  sp ins  of the  two oxygen e l ec t rons  uncorre la ted ,  the  s t a t e  of t he  
oxygen atomwould be a valence s t a t e .  The number of t he  spin-uncorre- 
l a t e d  e l ec t rons  determines the valency of the  s t a t e .  I n  t h i s  example, 
t he  oxygen is d iva len t .  The i o n i z a t i o n  energy of one of the  valence 
e l e c t r o n s  i s  less than  i n  the case of t he  s i n g l e  oxygen atom by the  
amount t h a t  i s  needed t o  uncouple the  two e l ec t rons  from the t r i p l e t  
s t a t e .  
ground s t a t e  
Since the  s i n g l e t  s t a t e  "Q i s  15867.7 cm-' higher  than  the  
'p the valence s t a t e  i on iza t ion  p o t e n t i a l  (VSIP) i s  
10 5 
10 6 
I 
4 4 
l e s s  than i n  the f r e e  atom by the  amount 
f a c t o r s  2 
example, i t  i s  obvious t h a t  the  valence s t a t e  i s  not a spectroscopic  
3 (0)  + -(15867.7), where the  
From t h i s  and I take i n t o  account the  sp in  m u l t i p l i c i t y .  
4 4 
s ta t e  and exc i t a t ion  t o  i t  i s  not  phys ica l ly  p o s s i b l e .  It i s  a non- 
s t a t i o n a r y  s t a t e .  The amount 3 (o)+-(15867.7)  i s  usua l ly  r e f e r r e d  
4 4 
t o  a s  t h e  promotion energy. 
I n  genera l ,  t h e  o r b i t a l  p a r t  of t h e  valence s t a t e  of an ion can 
be a l i n e a r  combination of t h e  form M\ks)+p\kp> 
which is  r e fe r r ed  t o  as a hybrid o r b i t a l .  I n  t h i s  case ,  t he  promotion 
, f o r  example, 
energy might have, a l s o ,  a con t r ibu t ion  from the  hybr id i za t ion .  
APPENDIX I 
EFFECTS OF THE LIGAND ORBITAL PART I N  CALCULATION 
OF TI! ZEEMAN MATRIX ELEBEhTS 
Using the notation in E q .  (70) for the calculat ion of A*, 
one has the matrix elements: 
10 7 
108 
1 
I 
1 
I 
I 
I 
I 
APPEM)IX J 
COMPUTER PROGRAM IN MAD LANGUAGE FOR SOLVING 
THE SECULAR EqUATIONS (25) 
SCOMPILE MAD* EXECUTE9 PUNCH OBJECT 
P R I N T  COMWENT $1 S@LUTION OF THE CHARACTERISTIC VALUF PROBLFM 
P R I N T  COMMENT SO WHERE A AND R ARE SYMMETRIC MATRICES. AND B 
DIMENSION A ( 4 0 0 1 V ) r  B ( 4 0 n r V ) * X ( 4 0 O r V l r  APRLMF(400.V) rEf400.V)  
DIMENSION D ( 4 0 0 . V ) r  U T ( 4 0 0 r V ) r  R ( 4 0 0 r V ) r  S t ( 4 d O e V ) r  
E Q U I V A L E N C E ( ~ ~ R I S T I E ) . ( U T I S ~ Y ~ ~ X ) ~ ( A P R I ~ F ~ L A M ~ ~ A ) ~  
VECTOR VALUFS V = t r l r O  
INTEGER N*I.J*K.CH 
START READ AND P R I N T  DATA 
EXECUTE Z E R O o t A ( l . I ) o o o A f N ~ N ) r S ( l r l ) o o o B ( N ~ N ) )  
READ AND P R I N T  DATA 
THROUGH LOOP19 FOR I =  2 1 1 9 I o G o N  
THROUGH LOOP11 FOR J = 1 9 1 r J o E o I  
A ( I ~ J ) = - ~ ~ * ~ ( I I J ) * S Q R T . ( A ( I I I ) + A ( J I J ) )  
A f J . 1 )  = A f I 1 J )  
LOOP1 B f J . 1 )  f B ( 1 r J )  
I N O l z 5  
I N D t = 5 o  
I N D 3 n 5  
I ND4=50 
I N D 5 t 5 o  
I ND6=5 w 
1 (A-LB)X=O 
1 IS P O S I T I V E  D E F I N I T E  S 
l S ( 4 0 0 1 V ) .  LAMBDA(400.V) r  Y T ( 4 0 0 r V )  
1 t V f Z ) r N )  
THROUGH LOOPlA.  FOR I = l t l r  IwCwN*N 
L O O P l A  DtI)=B(I) 
SCFACT 10 
I N D l = E I G N w f D f l ) r N . l r U T ( l l r S C F b C T I  
WHENFVER I N D I w F w 3 o  
CONTlNUE 
OR WHFNEVER INDloE.1. 
P R I N T  COMMENT SO B MATRIX NOT ACCEPTED BY SUBROUTINE L 
TRANSFER TO FND 
P R I N T  COMMENT SO CHARACTERISTIC VALUES OF B M A T R I X  SCALED BYS 
P R I N T  RESULTS SCFACT 
TRANSFER TO FND 
END OF CONDITIONAL 
THROUGH LOOP29 FOR I = l r l r I o G w N  
WHENEVER D I I 9 I ) o L E o O o  
P R I N T  COMMENT SO B MATRIX IS YOT P O S I T I V E  D E F I N I T E  S 
TRANSFER TO FND 
OTHERWISE 
LOOP2 END OF CONDITIONAL 
OR WHENEVER I Y D l o E w t o  
R ( I . I ) P D ( I . I ) . P w - w S  
THROUGH L O O P l r  FOR I = l r l r I o G o N  
THROUGH L00P31 FOR J x l r l r  J O G O M  
WHENEVER I o E o J  
CONTINUE 
OTHERW I SE 
R f I r J ) = O .  
LOOP3 END OF CONDITIONAL 
I N D ~ ~ D P M A T ~ ( N I S T ~ ~ ) ~ U T ( ~ ) )  
WHENFVER IND2oEoO.r TRANSFER TO END 
THROUGH LOOP 5 9  FOR I = l r l r I o G o N  
THROUGH LOOP 5 1  FOR J = l t l r J o C o N  
S ( I * J ) = S T ( J * I )  
I 
LOOP5 
LOOP6 
LOOP8 
LOOP 7 
LOOPBA 
LOA 
L O B  
LOC 
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A P R I M E ( I r J ) = S T f I r J )  
IND3=DPMAT*(NrAPRIMEfl)rAfl)) 
WHENEVER I N D 3 * E * O e r  TRANSFER TO END 
IND4sDPMATe ( N r A P R I M E ( 1 )  r S ( 1 )  ) 
WHENEVER I N D 4 e E * O e r  TRANSFER TO END 
THROUGH L O O P 6 t  FOR I a Z r l r  1.G.N 
THROUGH L O O P 6 r  FOR J t l r l t  JmE.1 
A P R I M E ( 1 r J )  = A P R I M E f J r I )  
SCFACT = l e  
IND5=EIGN*fLAMBDA(l)rNrlrYT(l)rSCFACT) 
WHENEVER I N 0 5 . E * 3 *  
CON1 I NUE 
OR WHENEVER I d D 5 e E * l *  
P R I N T  COMMENT SO A P R I M E  M A T R I X  NOT ACCEPTFD BY SURROUTINE L 
TRANSFER TO FND 
OR WHENEVER I N D 5 r E e 2 e  
P R I N T  COMMENT SO C H A R A C T E R I S T I C  V A L U E S  SCALED BY S 
P R I N T  RESULTS SCFACT 
END OF C O N D I T I O N A L  
IND6~DPMATe(NrYTfl)rST(l)) 
THROUGH LOOP79 FOR I = l r l r I e G e N  
XSUMSQ = 0. 
THROUGH L O O P B r  FOR J - l r l r  J * G * N  
THROUGH L O O P 8 r  FOR K = l r l r K e G * N  
XSUMSQIXSUMSQ+X(IrJ)*XfIrK)*BfJrK) 
ROOT = XSUMSQ*Pee5  
THROUGH L O O P 7 r  FOR J S l r l r  J e G e N  
X ( I r J ) = X f I , J ) / R O O T  
P R I N T  COMMENT SO C H A R A C T E R I S T I C  V A L U E S  S 
THROUGH LOOPBA 9 FOR 1 x 1  9 1  r I * G *  N 
P R I N T  RESULTS LAMBDA f I 9 I ) 
P R I N T  COMMENT SO THE ROWS OF THE FOLLOWXNG M A T R I X  ARE THE NOR 
l M A L I Z E D  C H A R A C T E R I S T I C  VECTORS S 
P R I N T  RESULTS X ( l r l ) . . * X ( N t N )  
D I M E N S I O N  MAfS)rMBf2)rMCf3)rMD(2)rMEf3)rMZfZ)rMH(3)r 
l H O V A ~ 5 ~ r H O V B f 2 ~ r H O V C ~ 3 ~ ~ H O V D ~ ~ ~ ~ H O V E ~ 3 ~ r H O V Z f 2 ~ ~ H O V H ~ 3 ~ r  
Z C H A f S ) r C H B f 2 )  rCHCf3)r~HOfZ)rCHF(3)rCHZ(2)tCHH(3) 
WHENEVER C H * E e l  
THROUGH L O A  r FOR J = l r l r J e G * S  
MA(J)=SfJrl)*SfJrL)+SfJrZ)*S(J~Z)+SfJ~3)*S(Jr3) 
HOVA(J)~S(Jr1)*SlJr4)*Bflr4)+S(J~l)*S(J,S~*BflrS)+SfJrZ)*S( 
lJr4)+BfZr4)+S(Jr2)*SfJr5)*BfZr5)+SfJr3)*S(Jr4)*Bf3~4) 
C H A ( J ) = M A ( J ) + H O V A f J )  
P R I N T  RESULTS M A f J I e H 0 V A f J ) r C H A f J I  
OR WHENEVER CHeE.2 
THROUGH LOR r FOR J z l r l r J e G e 2  
M B ( J ) = S f J * l ) * S f J r l )  
H O V B I J ) ~ S ~ J I I ) + S ~ J ~ Z ) * ~ I ~ ~ Z )  
C H B ( J ) * M B f J ) + H O V B ( J )  
P R I N T  RESULTS M B ( J ) r H O V B ( J ) r C H R f J )  
OR WHENEVER CH.E.3 
THROUGH LOC *FOR J = l r l r J m G * 3  
MCf J) =Sf Jr1) *S f J r l  )
HOVCIJ)~S(Jrl)+S(Jr2)*B~lrZ)+SfJ~l~*S(Jt3~*~~lr3~ 
C H C ( J ) = M C ( J ) + H O V C ( J )  
P R I N T  RESULTS M C f J ) r H O V C f J ) r C H C ( J I  
OR WHENEVER C H a E e 4  
THROUGH L O D  * FOR J = l r l * J e G * f  
M D ( J )  =S( J * 1 )*S f Jr1) 
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APPENDIX K 
H 
MoH AND W I N  T i 0 2  
Recently the ESR spec t r a  of Mo* and W* i n  T i 0 2  were observed. 
and A t enso r  components were found % The following va lues  f o r  the  
experiment a l l y  
1.8155 1.7923 1.9167 24.66 30.80 65.73 5+ T i 0 2  :Mo 
1.4731 1.4463 1.5945 40.51 63.34 92.01 5+ T i 0 2  :W 
Following the  c a l c u l a t i o n  i n  Chapter V I I - 1 ,  t he  ground s t a t e  wave func- 
t i o n s  and the  c r y s t a l  f i e l d  energy levels l i s t e d  below were found: 
Ground S t a t e  w.f. Energy Leve 1 s 
T i 0 2  :Mo 9 - .324(  tR> + . 9 4 5 ) x - y  2 J 9 . J  > 
* Ti02:W 
1 1 2  
1 . 
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It is  observed that the  same form of ground s t a t e  and t h e  same sequence 
of energy l eve l s  a r e  obtained f o r  the  cases  of Ti02:V, Sn02:V, and 
Ge02:V.  
f i r s t  exc i ted  s t a t e  
Of course t h e  numerical r e s u l t s  i n  t h i s  Appendix a r e  only suggestive 
t h a t  t h e  same s i t u a t i o n  exists fo r  Mo* and W* as  f o r  V 
i s  s i g n i f i c a n t  t o  note  t h a t  i n  the  f i v e  d i f f e r e n t  cases  of Ti02:V, 
Ti02:Mo, TiQ2:W, Sn02:V, and Ge02:V t h e  same form of the  ground s t a t e  
and the  same sequence of the  exc i ted  s t a t e s  can explain the  experimental 
r e s u l t s  of t he  % t ensors  azd of t he  an iso t ropic  p a r t s  of the  
t enso r s .  
The admixture of the 1 % " )  s t a t e  is  a l i t t l e  l a r g e r  and the 
I y&> is  found q u i t e  c lose  t o  the  ground s t a t e .  
4+ 
e However, it 
A 
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ERRATA 
p.  4: Add the  following note a t  the end: 
Note: The ground state i s  of ten  r e f e r r e d  t o  a s  being the  x2-y2. I n  the  context  
of t he  molecular o r b i t a l  theory as used i n  t h i s  t h e s i s ,  the  term ''ground state" r e f e r s  t o  
the  e n e r g e t i c a l l y  h ighes t  occupied o r b i t a l  i n  t he  S l a t e r  determinant.  
p .  29 1.9:  Replace Table 2 by Table 3 
p .  31 
a r e  tabula ted  as wel l  a s  some two-center i n t e g r a l s .  
1.5: Delete the  whole l i n e  and replace it  by the  following: 
For references see  
p .  31 1.6: Replace Ref. 35 by Ref. 24. 
p.  63 bottom: Replace Table 6 by Table 7 
p .  103 1.5:Delete the  word "nearest" 
p .  104: The l e v e l  a t  the  middle of  the f i r s t  colum i s  yz ,  not xz .  
p .  105 1.5: Replace Helmheltz by Helmholtz 
